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1. Introduction 

This paper is concerned with thc Hamiltonian actions of a (compact) torus T 
on a symplectic manifold (A/, fl). We assume that the moment map $ : M ^ i* is 
proper and that the generic stabilizer of T on M is finite. We are interested here 
in two global invariants: 

- the Duistermaat-Heckman measure DH(M) which is the pushforward by $ of 
the Liouville volume form, 

- the Riemann-Roch characters RR{M, L®^), /c > 1, which are virtual represen- 
tations of T. Here M is compact and the data (M, $7, $) is prequantized by a 
Kostant-Souriau line bundle L. For every couple A;) e A* x Z>°, we denote by 
m(/x, fc) e Z the multiphcity of the weight in RR{M, L®''). 

One can associate to a connected component c of regular values of <i> the local 
invariants: 

- the Duistermaat-Heckman polynomial DHj. : t* ^ M which coincides with 
DH(M) on c, 

- the periodic polynomial m^ : A* x Z ^ Z which coincides with the map 
m : A* X Z>° ^ Z on the cone of t* x M generated by c x {1}. 

The main results of this paper concern the differences DH^^ — DHc_ and m,;^ — 
m,._ when c± are two adjacent connected components of regular values of Let 
us introduce some notations. We denote by A c t* the hyperplane that separates 
c±, and by Ta C T the subtorus of dimension 1 that has for Lie algebra the one 
dimensional subspace tA which is orthogonal to the direction of A. We make the 
choice of a decomposition T ~ T\ y. T /T\, where T/Ta denotes a subtorus de T. 
At the level of Lie algebras, we have then t = Ia ® (t/^A) and t* = Ia © (t/tA)*: 
hence ^ + (t/tA)* = A for any C e A. 

Let c' c A be the relative interior of c+ fl c3 in A. 
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In order to give a clear idea of our results we suppose in the introduction that 
n M'^'^ is connected when ^ G e'. It means that there exists only one 
connected component Z C M^^ such that c' C ^{Z). We denote by N z the normal 
bundle of Z in M. 

Let be the induccd symplectic form on the reduced space M.^ := 
($-1(0 n M^^)/(T/Ta). Let uf e n^{Mf) ® t/tA be the curvature'' of the 
T/TA-principal bundle $-^0 H M'^^ Mf. Let /3 e Ia be the primitive vector 
of the lattice ker(exp : i ^ T) which is orthogonal to A and is pointing out c_. We 
prove in Section [3 the foUowing 

Theorem A. Let 2d be the dimension of , and 2r be the rank of the bundle 
N z Z . We have the following eguality of polynomials: for a = a' + a" G 
(t/tA)* e tA = t* , we have 

where P : ^ TL{M^) is the polynomial mapping defined by 

Here the ak S W^'^(A4^) are characteristic classes and ao = 1. In the first equation 

det^J'^{ 2-,^ ) Pfo-ffio.1^ of the infinitesimal action of on the fibers of Nz, 

is the Cardinal of the generic stabilizer ofT/T/^ on Z. 



Theorem A. generalizes previous results of Guillemin-Lerman-Sternberg |14| and 
Brion-Procesi [TT) . In SectionOwe give the precise definition of the characteristic 

classes Uk- 



Suppose now that M is compact and is prequantized by a Kostant-Souriau line 
bundle. The hyperplane A is defined by the equation = t-a, C G t*, for some 
TA G Z. The bundle Nz decomposes as the sum of two polarized sub-bundles N^'^ . 
Let be the absolute value of the trace of ^jCp on N"^'^ . In ^6.T6\ we define a 
familly of orbifold vector bundles 

(/i,fc) G A* xZ, 
with the fundamental property that ^ ~ when 

-Sz < — krA < 4. 

We prove in Section the following 

Theorem B. For all (^, fc) G A* x Z we have 

m,, ifi, fc) - m,_ (/i, fc) - RR{Mf, §|,^). 
In particular m^^^ (//, fc) — mc_ (/i, fc) if 

(M' P) ^ „+ 
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The integer s J + is larger than half of the codimension of Z in M . The previous 

inegualities are optimal, i. e. there exists {fJ-,k) such that ^^'^^ — fcrA = '^'^'^ 
m,^{fi,k) ^ m,_{fi,k) 

In Section^we apply Theorem B to the particular cases where M is a integral 
coadjoint orbit of a compact Lie group G. In Section 14.41 we study more precisely 
the case G = SU(n): here our result precises some of the resuhs of Biney-Guillemin- 
Rassart [1(1) . 

In Section[Sl we study the case where M is a complex vector space. In this situ- 
ation, WC interpret Theorem B as a combinatorial formula between vector partition 
functions. We recover also a Theorem of Szenes-Vergne |82| . 

Acknowledgments. I am very grateful to Michele Vergne for bringing me the 
reference to my attention, and for explaining me her work with Andras Szenes 

m 

Notations 

Throughout the paper T will denote a compact, connected abelian Lie group, and 
t its Lie algebra. The integral lattice A C t is defined as the kernel of exp : t — > T, 
and the real weight lattice A* C t* is defined by : A* hom(A, 2ttZ). Every /i € A* 
defines a 1-dimensional T -representation, denoted by C^, where t — expX acts by 

:= e*{A':^>^ denote by R{T) the ring of characters o f finite- dimensional T- 
representations. We denote by R~°°(T) the set of generalized characters ofT. An 
element x G R~°°(T) is of the form x = X]/jeA* "^/^ '^a" where a^,h* — » Z has 
at most polynomial growth. 

The symplectic manifolds are oriented by their Liouville volume forms. If {Z, oz) 
is an oriented submanifold of an oriented manifold {M,om), we take on the fibers 
of the normal bundle N of Z in M , the orientation ojv satisfying om = oz ■ om ■ 

2. Duistermaat-Heckman measures 

Let (M, r2) be a symplectic manifold of dimension 2n equipped with an Hamil- 
tonian action of a torus T, with Lie algebra t. The moment map $ : M — > t* 
satisfies the relations VI{Xm, — ) + d{^,X) — O, X S t. We assume in this section 
that $ is proper, and that the gencric stabiliscr T m of T on M is finite. 

The Duistermaat-Heckman measure DH(M) is defined as the pushforward by 
$ of the Liouville volume form ^ on M. For every / G C°°{t*) with compact 
support one has J^. DH(M)(a)/(aj = Sufi.'^)^- In other terms DH(M)(a) = 
Jj^S{a — <I>)^. We can define DH(M) in terms of equivariant forms as foUows. 
Let A{M) be the space of differential forms on M with complex coefficients. We 
denote by A^J^p{t,M) the space of tempered generalized functions over t with 
values in A{M), and by A4^J^p{t*,M) the space of tempered distributions over 
t* with values in A{M). Let J' : AtJ^p{t,M) MiJ^p{t*,M) be the Fourier 
transform normalized by the condition that J-{X i—^ e*^^^^^) is equal to the Dirac 
distribution a ^ d{a — 

Let r2i(A) = — {^,X) be the equivariant symplectic form. We have then 
jp(g-iOi) = e-*"(S(a - and so 

(2.1) DH(M) = (?;)" f T{e-'^'). 
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2.1. Equivariant cohomology and localization. We first recall the Cartan 
model of equivariant cohomology witli polynomial coefficients and the extension 
to generalized coefficients defined by Kumar and Vergne TB . We give after a brief 
account to the method of localization developped in ,26, 27, , 

Let M be a manifold provided with an action of a compact connected Lie group 
K with Lie algebra i. Let d : A{M) A{M) be the exterior differentiation. 
Let Ac{M) be the sub-algebra of compactly supported differential forms. If ^ is a 
vectors field on M we denote by c(^) : A{M) A{M) the contraction by ^. The 
action of i^T on M gives a morphism X Xm from t to the Lie algebra of vectors 
fields on M . 

We consider the space of i4r-equivariant maps 6 — > A{M), X i— > vi^): equipped 
with the derivation {Dr]){X) := (d - c{Xm)){v{X)), X € t. Since D'^ = O, one 
can define the cohomology space ker_D/ImD. The Cartan model considers 
polynomial maps and the associated cohomology is denoted TiJ^ (M). Kumar and 
Vergne studied the cohomology spaces 1-C^°°{M) obtained by taking C^°° maps. 
Recall the construction Ti,j^°°{M). 

The space C~°°{t, A{M)) of generalized functions on i with values in the space 
A{M) is, by definition, the space Hom(mc(6), ^(M)) of continuous C-linear maps 
from the space mdi) of smooth compactly supported dcnsitics on t to the space 
A{M), both endowed with the C°°-topologies. We define A]^°°{M) C"°°(t, A{M)) 
as the space of iir-equivariant C~°°-maps from t to A{M). The differential D de- 
fined on C°°{t,A{M)) admits a natural extension to C-°°{t,A{M)) and = O 
on A'j^°°{M) 1221 ■ The cohomology associated to (^^°°(M),£)) is called the K- 
equivariant cohomology with generalized coefRcients and is denoted by H]^°°{M). 
The subspace ^^^(M) := C-°°(t, ^(M))^ is stable under the differential D, 
and we denote by 'H~^{M) the associated cohomology. When M is oriented, the 
integration over M gives rise to a map /^^ : 'H'J^°^{M) C^°°{t)^ . 

Localization procedure. Let A be a ii'-invariant 1-form on M and let 



be the _ft'-equivariant map defined by {^\{m), X) = X{XM)m '■ then DX{X) = 
dX — {^\,X). The localization procedure developped in |2f>l I27j is based on the 
existence of an inverse [DA]"^ of the i<r-equivariant form DX. It is an equivariantly 
closed element of A]^°°{M — $^^(0)) defined by the integral 



An open subset U C M is called adapted to X ii U is iiT-invariant and if {dU) fl 
$^^(0) = 0. In |27|, we associate to an open subset Li adapted to A, the foUowing 
equivariantly closed form with generalized coefficients 



Here x^ G C°°{AI) is a ii'-invariant function supported in U which is equal to 1 in 
a neighborhood ofUn $^^(0)- The cohomology class defined by in HJ/^iM) 
does not depend of x" (in particular = O in H^°°(M) if W n $^^(0) = 0). 
li U n $^^(0) is compact, we take with compact support, then P^ defines a 
cohomology class in H](°^{M). 



(2.2) 



(2.3) 




(2.4) 



P'i = x'' + d/'[DX]-'X. 
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2.2. Localization of DH(M). We come back to the situation of a Hamiltonian 
action of a torus T on a symplectic manifold {M,uj). We keep the same notations 
and hypothesys of the introduction. We need two auxiUiary data : a T-invariant 
Riemannian metric on M denoted (— , , and a scalar product (— , — ) on t* which 
induces an identification t* ~ t. 

Let Ti. be the Hamihonian veetors field of the function : A/ ^ K : for 

every m G M we have Tim = (*i'(™))M|m. Then for every ^ G t*, the Hamiltonian 
veetors field of^||$ — ^|pis7i — £^m- For every ^ G t*, we consider the foUowing 
T-invariant 1-form 

(2.5) A5 = (H-eM,-)Af 

and the corresponding map <i>;^^ : M i* (see \2.2\i ). Here $^^^(0) coincides with 
the subset Cr(||$ — ^|p) c M of critical points of the function ||$ — and 
m G Cr(||$ - ^Ip) if and only if {^{m) - £_)m vanishes at m pHUTz] . 

Definition 2.1. Let G H^^{M) be the cohomology class defined by P^^, 
where U is a T-invariant relatively compact neighborhood of <I'^^(^) such that 

Z7nCr(||$-eiP) = *"^(0- 

The cohomology class P^ will be used to localized the Duitermaat-Heckman 
measure. For every ^ G t*, we define the distribution DH5(M) by 

(2.6) DH^(M) = {iyj^ (^J^ P^e-*"'^ . 

Here we can put the Fourier transform outside the integral because P^ is compactly 
supported on M. For any ^ G t* let > O be the smallest non-zero critical value 
of the function ||$ — As a particular case of Proposition 3.8 in 23, we have 

Proposition 2.2. Let ^ be any point in t*. The following eguality of distributions 
on t* 

DH(M) = DHj(M) 

holds in the open ball B{^,r^) C t*. 

We will now use the last Proposition, first to recover the classical result of Duis- 
termaat and Heckman concerning the polynomial behaviour of DH(M) on the 
open subset of regular values of $. After we determine the difference taken by 
DH(M) between two adjacent regions of regular values. 

2.3. Polynomial beiiaviour. We recall now the computation of the cohomology 

class P^ when ^ is a regular value of that is given in 26 [Section 6] for the torus 
case (and in ^| [Section 3.1] for the case of Hamiltonian action of a compact Lie 
group). First recall the following basic result which shows that ^ i-^ DH^(M) is 
locally constant on the open subset of regular values of $. 

Lemma 2.3 f|29)). //^ and ^' belong to the same connected component of regular 
values of^, we have P^ = P^' in Ti.^^{M). 

Associated to a regular value of ^, we have the T-principal bundle $^^(^) 
:= $^^(^)/T with curvature form uj^ G ■^^(A^^) 1. The orbifold carries a 
canonical symplectic 2-form ft^. We denote Kir^ : 7i^{M) H*{A4^) the Kirwan 
morphism. For any ijj G C°°{1) and 77 G 7i|?(Af) we have Kir^(?7^/') — JUr ^ (r/) ip{uj^), 
where the characteristic class '^('-^c) is the value of the differential operator e'^?'^^'"^ 
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against V- After [2I|[Prop. 3.11], the integral JJj^,^P^{X)r]{X)ij{X)dX is equal 
to 

(2.7) ^ ir I / ^MvW^i) 

I^mI Jm^ 

for every equivariant class 77 € H^{M). Here vol(T, cZX) is the volume of T for the 
Haar mesure compatible with dX, and IFmI is the cardinal of T m (Note that the 
generic stabilizer of T on $~^(^) is T m)- In other words, for every 77 G 7ifP(M) we 
have the foUowing equality of generalized functions on t* supported at O 

(2.8) / P^{XMX)^ '^ J / Kir^(r;)e-^(^l«)vol(r,-). 

For ry = e~*^' we have Kirj(7y) = g^'^i^s-ii^^s)) ^ and a small computation shows 
that 

da 
(2^ 

where da is the Lebesgue measure on t* normalized by the condition: vo^T, dX) — 1 
for the Lebesgue measure dX on t which is dual to da. 
Finally (EH), EHl and EHl» give 

DH4(M)(a) ^ / e"*("«+<''-«''^«» da 

|rM| JMi; 

(2.10) = ^/ ("^ + <"7^'-^»^a, 

II I f 



(2.9) ^(e-e(*lo),ol(r,-))(a) = e-<-^)--^, a £ t* 



A/ I iA^. p! 



where 2p = dimA^^. 



Definition 2.4. For any connected component c of regular values of $ we denote 
DHj t/ie polynomial function a 1— > Jj^^ (t^{+{a^^g,i^;)) ^ yjfigfg ^ jg ^jiy point of 

c. Hence, if (z c we have the equality DH^(M)(a) = DHc(a)da, a £ t*, where da 
is the Lebesgue measure on t* normalized by the condition: Yo\{T,dX) = 1 for the 
Lebesgue measure dX on t which is dual to da. 

With the help of Proposition 12.21 we recover the classical result of Duistermaat 
and Heckman that says that the measure DH(M) is locally polynomial^ on the open 
subset of regular values of $, and it's value at a regular element ^ is equal to the 
symplectic volume of the reduce space A4^. More precisely we have shown that for 
a connected component c of regular values of $ we have 

(2.11) DH(M)(a) = DHe(a)da, a £ c. 

2.4. Jump formulas. Consider now two connected regions c± of regular values of 
$ separated by an hyperplane A C t*. In this section we compute the polynomial 
DHj^ — DH(._ . It generalizes previous results of Guillemin-Lerman-Sternberg |14) 
and Brion-Procesi |llj . 

Let C- be respectively two elements of c+ and c_ . We know from (|2.2|) . (|2.1U|) 
and Definition H2.4() that 

(2.12) (DH,^ -DH,J(a)da = (i)"J^ (Pj^ -Pjje"'"'^ (a), a e t*. 
^It is a polynomial times a Lebesgue measure on t*. 
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We recall now the computation of the cohomology class P^^ — G Hrp^{M) [2S|. 

Let Ta c t be the subtorus of dimension 1, with Lie algebra l/\ := {X G t| — 
= O, V^,C' G A}. We make the choice of a decomposition T ^ x T/Ta, 
where T/T/^ denotes a subtorus de T. At the level of Lie algebras, we have then 
t = tA © (t/tA) and t* = e (t/tA)*: we see that ^ + (t/tA)* = A for any ^ G A. 

Let c' be the relative interior of c+ fl c3 in A. It is not difhcult to see that for 
any m G $~'^(c') the stabilizer tm C t is either equal to tA or reduced to {0}. 

Definition 2.5. We denote M^i the union of the connected component Z of the 
fixed point set M'^^ for which we have c' C ^{Z). Let M°, be the T-invariant open 
subset of Mc' where T/T^ acts locally freely. 

The symplectic manifold M^' carries a Hamiltonian aetion of T/T/^ with moment 
map $c' : M^/ A cqual to the restriction of $ on M^i. Let <^ be a point in e'. 
We remark before that for all m G $^^(0 the stabilizer is either equal to Ia 
or to {0}: in particular ^ is a regular value of $c') i-e- ^'""'^(C) G ^c'- FoUowing 
Definition 12 . II we associate to ^ the cohomology class G W^^^ ^(M°,). 

Let WiM",)^"" be the sub-algebra of n*{M°,) formed by the T-basic elements. 
Since the TA-action on M°, is trivial we have a canonical product operation 

(2.13) H^'^^^ JM°,) X C-°^'{tA,-H*{M^,)'"'') ^ Ht^{M°,). 

Proposition 2.6 ('|29p. There exists a generalized function supported at O, G 
C"°°(tA,H*(M°,)^''"), such that 

Pe+ - Pc- - (ia)* {PfS'^) in n^^{M). 

Here (ia)* : T^T^i-^'^c') ^ '^T^i-^-^) direct image map relative to the inclu- 

sion i A ■■ M°, ^ M. 

We will now give the precise definition of 5^ . The decomposition T = Ta x T /T a 
and the trivial aetion of Ta on M°, determine a canonical isomorphism 

3A ■■ H*r{M°,) ^ 5*(tA) ® H*r/TjM°), 

where 5* (Ia) is the algebra of complex polynomial functions on tA- Since the 
T/TA-action on M° is locally free, we have the Chern-Weil isomorphism 

cvA : Ht/t^(M°,) ^ n*{M°,)'"''. 

Let Na be the T-equivariant normal bundle of M'^'^ in M, and let Eul(iVA) G 
Ti^{M'^^) be the r-equivariant Euler class of Na- Now we consider the restriction 
of Eul(AfA) on the open subset M°, C M'^^, that we look through the isomor- 
phism cva o j a as an elemcnt of 5* (Ia) 'S) Ti* {M°,)^°-'' (for simplicity we keep 
the same notations Eul(AfA) for this element). FoUowing (2^1, we define inverses 
Eul±i(ArA) e C-°°(tA, W* (M° )'"'") by 

(2.14) Eulli.(iVA)(X) = lim ^ -. 

^ ' ' s^+ooEu\{Na){X ±isf3) 

Here /3 G tA — {0} is choosen such that — /?} > 0. 

Definition 2.7. The generalized function G C"°°(tA, H*(Af°,)'"''') is defined by 

(2.15) 5^ := EuI/{Na) - EulI^ (A^a)- 
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Since the polynomial Eu^A^a) is invertible in a smooth manner on Ia — {0} the gen- 
eralized function is supported at 0. If we restrict 5^ to the submanifold 
we get the generalized function 6^ £ C~'°°{tA,'H*{M^)), where A4^ denotes the 
reduced space {Cl I {T I T a) = (M^-^ n $-1(0)/(T/Ta). 

Now we are able to compute the RHS of (jTT^ . Let ojf e H'^{Mf) t/tA be 
the curvature of the T/TA-principal bundle $^^(0 ^ Mf. Let 15^1 be locally 
constant function on <i>^^(f) which is equal to the cardinal of the generic stabihzer 
of T/Ta. From (EHJ) and Proposition[2ISlwe have 



J M 

Pf(X')(5^(X")e-'"'(^'+^") 



dimT-l 



(2.16) / e-f(al-l°)vol(T/TA,-)Kirf(e-»"')(^")'5f(X") 

I JMf 

In the last equation the notations are the foUowing: 

- X ^ X' + X" with X' e t/tA and X" G tA, 

- the Kirwan map Kir^ : nf(M) C°"{iA,U*{Mf)) is the composition 
of the restriction H f (M) H?f($^^(0) with the Chern-Weil isomorphism 

A direct computation gives that K\rf{ni){X") ^ flf - {Cuj^+X") where flf 
is the induced symplectic form on the reduced space M^. If we take the fourier 
transform in (|2.16l) we get 

(DHc+ - DH,_ )(a)da 



\st\ 




<^t+ia',<^t))da'T,JSt){a")]{a-0, 



where a = a' + a" with a' G (t/tA)* and a" G (tA)*- In H2.17|l . we write /_^a = 
X]z /z^ where the sum is taken over the connected components Z of M°i , and 
= (Z n $-1(0)/(T/Ta). The 2-forms nf,iof, the generic stabihser S^, the 
vector bundle N^, the generahzed function (5|^ restrict to each component Z: we 
denote them respectively V,^ ,lu^, , Nz, . 

We recall now the computation of the Fourier tranform of the inverses Eulj|^(A^z) 
= Eu1^^(7Va)|2 that is given in [23 [Proposition 4.8.]. We consider a T-invariant 
scalar product on the fibers of the bundle Na- Let R G ^^^(Af",, so(iVA))'"''* be 
the curvature of a T-invariant and T/TA-horizontal Euclidean connexion on Na- 
we denote by G A^{Z,so{Nz))^°'^ the restriction of i? to a component Z. The 
curvature commutes with the infinitesimal action Cx oi X G tA, and with the 
complex structure J /3 = Ci^l—jCjjY^^ on A^a defined by /3 G tA- 

We denote by S' the symmetric algebra of the complex vector bundle (^Va, Jjs)- 
We keep the same notation for the restriction of S' on the submanifolds Z, $^^(^), 
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and for thc induced orbifold vector bundle on the reduced spaces and Ji4^. 
For each fc G N, we denote by Tr^k the trace operator defined on the complex 
endomorphism of 5*^. For a complex endomorphism A of Na, we denote by A'^'^ 
the induced endomorphism on S'^. For any X ^ Ia, the complex endomorphism 
C^R^ is symmetric. Hence the trace Tr s>'{{^^ R^)^^) a basic reaZ differential 
form of degree 2k on Z which does not depend of the choice of complex structures 

(J/5 Or J_/3). 

Proposition 2.8 ( 26 ). For a smooth function f on with compact support we 
have J^, J^t^{Eu\^^{Nz)){a")f{a") = V z{t)f{t(3*)dt where Pz is the polyno- 
mial on K defined by: 
(2.18) 

, , / T dimi Z) /2 T I 7 

Pz{t) = . , . j^—: + V {^r^rs.{{C-,'R'r'^ 



Heredet^^iCp) is the Pfaffian of Cp onNz, andrz = rkc(A^z)- For * Ti^{¥.u\zl{N2 



T,,{¥.n\-_i{Nz)){a")f{a") = / -Pz{-t)f{-tp*)dt 

(Ia)* Jo 

O 

Pz{t)f{tp*)dt. 

— oo 

Hence the distribution ^i^{S^) is equal to Vz{P)d(3. 

Let be the restriction of the curvature R^ to the submanifold Z n <I'^^(^). 
Since R^ is T/TA-basic, Tr^^ ((/:;;ii?f )®'=) can be seen as a real differential form 
of degree 2k on the orbifold = (Z n $-i(0)/(r/rA). 

Each connected component Z of Af°, is a T /Ta Hamiltonian manifold: we take 
for moment map ^z '■ Z (t/tA)* the restriction of $ — ^ to Z. Hence O is a regular 
value of ^z- Let DHo(Z) be the polynomial function on (I/Ia)* = {a G t* | (/3, a) = 
0} such that DH(Z)(a') = DHo (Z) (a')da' near 0. Finally l(TT7jl together with the 
last proposition give the foUowing 

Theorem 2.9. (a). We have DHc_|_ — DHc_ = Szcm , where 

The Qz k '^'"'3 polynomials of degree dz — k on (t/tA)* defined by 
(2.20) Clz.,{a') = \-i- ^ ^ /' Trs.{{C''Rp 



Here 2dz = dimZj and 2rz = dimAf — dimZ. The polynomial Qza correspond 
to the Duistermaat-Heckmann polynomial DHo(Z). In particular we see that the 
polynomial DH^^ — DH|;_ is divisible by the factor a i— > {(3,^ — ay~^ where r = 
inizrz- A n $(M) is not a facet of the polytope $(A/) we have rz > 2 for all 
connected component Z of M^', hence r >2. 

(b). Suppose now that c_ is a connected component of regular values of $ 
bording a facet $(Af) n A o/ the polytope 4>(M). Here Z = $^^(A) is a connected 
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component of the fixed point set M"^^ . In this situation we have DHc_ — — Dz 
where the polynomial T>z is defined by \2.19\) . 

In f2.iy\) and \2.2U\) the vector /3 G t is normalized by the following conditions: 
(3 is a primitive vector of the lattice ker(exp : t —>■ T), orthogonal to the hyperplane 
containing c+ H ~, and pointing out c_ . 

3. QUANTUM VERSION OF DuISTERMAAT-HeCKMAN MEASURES 

We suppose here that the Hamiltonian T-manifold (M, u, $) is prequantized 
by a T-equivariant Hermitian line bundle L over Af, which is equipped with an 
Hermitian connection V satisfying the Kostant formula 

(3.21) C{X)-Vxm=^{^,X), Xet. 

The former equation implies that the first Chern class of L is equal to In this 
section we suppose that M is compact and we still assume that the generic stabiliser 
T M of T on M is finite. The quantization of (M, $7) is defined by the Riemann-Roch 
character RR{M, L) S R{T) which is compute with a T-equivariant almost complex 
stueture on M compatible with fi. For /e > 1, we consider the tensor product L®^ . 
Its Riemann-Roch character RR{M, L®'^) decomposes as 

(3.22) i?i?(M,L®'=) = ^ m(//,fc)C^. 

Let us recall the well-known properties of the map m : A* x Z-*^ Z. When 
^ is a regular value of the " Quantization commutes with Reduction Theorem" 
m ES] tell us that 

(3.23) m(^,fc) = RR{Mji,Cl) 

where £^ = (i'*'^|$-i(£.) C-^)/T is an orbifold line bundle over the symplectic 
orbifold Mii = <i>"^(^)/r. In particular if ^ does not belong to <i>(M) we have 
m(/i, k) — 0. When ^ G $(M) is not necessarilly a regular value of <&, one procceed 
by shift desingularization. If C £ $(M) is a regular value of $ close enough to j 
then H3.23|l becomes 

(3.24) m{^i,k)=RR{M^,Cl^) 
where = (L®'=|<t,-i(5) (g) C_^)/r (for a proof see |23I2H1)- 

Definition 3.1. A function / : S — > Z defined over a lattice 'E. IT is called 
periodic polynomial i/ 

/W =^e'^P,(x), a; G S, 

4 = 1 

where «i, • • • , ap G S*, A'^ > 1, and the functions Pi, ■ ■ ■ ,Pp are polynomials with 
complex coefficients. 

Remark 3.2. Let C a cone with non-empty interior in the real vector space S (E)z 
R. Any periodic-polynomial function f : 'E ^ 'L is completely determined by its 
restriction on C HE. 
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Let C C t* bc a connected component of regular values of <&. In [21] Meinrenken 
an Sjamaar proved that there exits a periodic polynomial function nic : A* x Z ^ Z 
such that mc(/i, k) = ni(/i, k) for every k) in the cone 

(3.25) Conc(c) = {{£,, s) G t* x R>" | G s • c}. 

Consider now two adjacent connected regions c± of regular values of $ separated 
by an hyperplane A C t*. When A does not contain a facet of the polytope 
Meinrenken an Sjamaar proved also that 

(3.26) nic^ (/^, fc) = nic_ (/i, fc) = m(/i, /c) 



for every {fi,k) g Cone(c+) fl Cone(c-) = Cone(c+ fl cT) C Cone(A). Our main 
objective is to prove that H3.26|l extends to a "strip" containing Cone(A). Let /3 G A 
be the primitive orthogonal vcctor to the hyperplane A C t* which is pointing out 
of c_. Then 

(3.27) A = {e G t* I ^ = ta} 

for some r a G Z, Cone(A) = {(C, s) G t* x R^" \ ^ - sta = 0} and c_ C 

{^ei*\^<rA}. 

Let Ta be the subtorus of T generated by (3. Let A'a be the normal vector 
bundle of Al'^'^ in M. The almost complex structure on M induces a complex 
structure J on the fibers of A^a- We have a decomposition A^a — J2s-^A where 
N^^ {v e Na\ Cpv = sJv}. We write A^a = A^a''^ © ^a''^ ^^ere 

(3.28) A^^''' = Y. ^A- 

±s>0 

Definition 3.3. For every connected component Z C M^'^ we define G N 
respectively as the absolute value oj the trace of -^Cp on N^'^\z. Note that s'^ + s^ 
is larger than half of the codimension of Z in M . 

We prove in Section IT^ the foUowing 

Theorem 3.4. We have nic^ (p, k) — mc_ (/i, k) for all {fi, fc) G A* x Z such that 

(3.29) -s- < iMl -fc^.^ < s+ . 

The numher s^,s+ G N are defined as follows. We take s* — inf^ where the 
minimum is taken over the connected components Z of M'^^ for which C+ H ~ C 
$(Z). 

Similar results were obtained by Billey-Guillemin-Rassart ^01 in the oase where 
M is a coadjoint orbit of SU(n), and by Szenes-Vergne [32] in the case where M is 
a complex vector space. See Sections [4 .41 and 151 where we study these two particular 
cases in details. In Proposition 13 . 23l we give also a criterium which says when the 
inequalities in H3.29|l are optimal. This criterium is fuUfilled when there is only one 
component Z of M^-^ such that cipncT G ^{Z). Then H3.29|l is optimal and s+ + 
is larger than half of the codimension of Z in M. 

The foUowing easy Lemma (see Lemma 7.3. of [2H]) gives some basic informations 
about the integer s^. 
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Lemma 3.5. Let (Af, VL, $) he a compact Hamiltonian T-manifold eguipped with 
a T-invariant almost complex structure compatible with fl. Consider a non-zero 
vector 7 e t and let Z be a connected component of the fixed point set . Let 
N be the normal vector of Z in M and let N^''^ be the negative polarized normal 
bundle (see fO^) ). Then N^^'f ^ O if and only if the function ($,7) : M ^ R 
takes its maximal value on Z . 

This Lemma insures that > 1 in Thcorcm 13 . 41 whcn A n <I>(M) is not a facet 
of the polytope $(M). 

Consider the situation where A n $(M) is a facet of the polytope $(Af ) so that 
c+n<i>(Af ) = 0: hence m^^ = 0. If we apply Lemma rTKl to 7 = /3, one gets N^'^ = O 
and so = 0. In this situation we get 

Corollary 3.6. Let c_ be a connected component of regular values of $ bording 
a facet '^{M) H A o/ the polytope Let f3 G A be the unimodular orthogonal 

vector to the hyperplane A C t* which is pointing out of c_. Here Z = <I>^^(A) is 
a connected component of the fixed point set M"^^ . We have mc_ (/i, k) = O for all 
{fj-, fc) G A* X Z such that 

(3.30) 0<%^-fcrA<4. 

ZTT 

Here G N is the value of the trace of on the normal bundle of Z in M, and 

then is larger than half of the codimension of Z in M. Moreover the inegualities 
1^3. S0\) are optimal. 

We first review some of the results of |28| . 



3.1. Elliptic and transversally elliptic symbols. We work in the setting of a 
compact manifold M equipped with a smooth action of a torus T . 

Let p : T Al — > M be the projection, and let (— , — )m be a T-invariant Riemann- 
ian mctric. If E^,E^ are T-equivariant vector bundles over M, a r-equivariant 
morphism a G r(TM, hom(p*i?°,p*i?^)) is called a symbol. The subset of all 
(to, v) € TM where (t(to, v) : E'^ E^^^ is not invertible is called the characteris- 
tic set of a, and is denoted by Char((T). 

Let TtM be the foUowing subset of TM : 

TtM = {(m, v) e TM, {v, Xm(to))„ = O for all X e t} . 

A symbol cr is elliptic if a is invertible outside a compact subset of TAf (Char(cr) 
is compact), and is transversally elliptic if the restriction of a to TtM is invertible 
outside a compact subset of T-^M (Char(cr)nT7-Af is compact). An elliptic symbol 
a defines an element in the equivariant iiT-theory of TAf with compact support, 
which is denoted by KT(TAf), and the index of cr is a virtual finite dimensional 
representation of T ^ |S1 12| . 

A transversally elliptic symbol a defines an element of KT(TTAf), and the index 
of a is defined as a trace class virtual representation of T (see I for the analytic 
index and 0111 for the cohomological one). Remark that any elliptic symbol of T M 
is transversally elliptic, hence we have a restriction map KT(TAf ) KT(TTAf), 
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and a commutative diagram 

(3.31) Kt(TM) ^ Kt(TtM) 

Indexjj Index^j 

R{T) ^i?-°°(T) . 

Using the excision property, one can easily show that the iiidex map Index^ : 
Kr(TTi^) — > R~°°{T) is still defined when W is a T-invariant relatively compact 
open subset of a T-manifold (see 28 [section 3.1]). 

3.2. Localization of the Riemann-Roch character. We suppose now that the 
compact T-manifold M is equipped with a T-invariant almost complex structure J. 
Let us recall the definitions of the Thom symbol Thom(M, J) and of the Riemann- 
Roch character ^28 . 

Consider a T-invariant Riemannian metric q on M such that J is orthogonal 
relatively to q, and let h be the Hermitian structure on TM defined by : h{v, w) = 
q{v, w) — iq{Jv, w) for w, w e TM. The symbol 

Thom^(M, J) e r (Af,hom(p*(A^"™TM), p*(A£'*'*TM))) 

at (m, v) e TM is equal to the Clifford map 

(3.32) Gl^iv) : A^'^™T,„Af ^ Ag'^'^T^M, 

where C\„i{v).w = v A w — Ch{v).w for w G A'Tj-Af. Here cii{v) : AjT„jAf — ^ 
A*~"'^TmM denotes the contraction map relative to h. Since the map Clm(w) is 
invertible for all w 7^ O, the symbol Thomy(M, J) is elliptic. 

The Riemann-Roch character RR{M, -) : Kt(M) ^ R{T) is defined by the 
foUowing relation 

(3.33) RR{M, E) = IndexJ^ (Thom^ (M, J) ® p* E) . 

The important point is that for any T-vector bundle E, Thom^ (A/, J) ®p*E corre- 
sponds to the principal symbol of the twisted Spin"^ Dirac operator De |13j . hence 
RR{M, E) G R{T) is also defined as the (analytical) index of the elliptic operator 

Consider now the case of a compact Hamiltonian T-manifold (Af, a;,$). Here 
J is a T-invariant almost comlex structure compatible with Q: {v,w) ^ n{v, Jw) 
defines a Riemannian metric on M. Like in Section 12.21 we make the choice of a 
scalar product (— , — ) on i* (which induces an Identification t* ~ t) and we consider 
for any ^ G t* the function ^||<i> — ^|p:Af^M and its Hamiltonian vectors field 
H - £,M- 

Definition 3.7. For any ^ G t* and any T-invariant open subset U C M we define 
the symbol Thomj(W) by the relation 

Thom^{U}{m,v) := Thom(A/, J)(to, -y - (H - Ca/)(H) (m, v) E TU 

The characteristic set of Thomj(Z//) corresponds to {{m, v) G TU, v — {TL ~ 
Cm) (w)}, the graph of the vector field TL — over U. Since 'H — belongs to 
the set of tangent vectors to the T-orbits, we have 

Char (Thom5(^/)) n TtU = {(m, 0) G TW | (W - ^M){m) = 0} 

- {m e U, d W <S> - a\l= 0} ■ 
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Therefore the symbol Thomj (U) is transversally elliptic if and only if 

(3.34) Cr(|| f)u9W = 0. 

Here Cr(|| $ — ^ |p) denotes the set of critical points of the fimction || $ — ^ |P- 
When (|3.34l) holds we say that the couple (W,^) is good. 

Definition 3.8. Let (U,^) be a good couple. For any T-vector bundle E — > M, the 
tensor product Thomj(Z//) ® p* E helongs to Kr(TTZ//) and we denote by 

REI{M,E) e i?-°°(T) 

its index. 

Proposition 3.9. Let {U,£,) be a good couple. 

a) If U possess two T-invariant open subsets U^,U^ such that lA^ H W^H 
Cr(|| $ - e f) = and {U^ U W) n Cr(|| $ - ^ f) =1(0 Cr(|| $ - C f), 
then the couples {U^,£,) and (W^,^) are good and 

RRiiM, -) - RRI,{M, -) + RRI^AM, -). 

In particular RR^{M, —) — RR^i{M, if is an open subset of U such that 

n Cr(|| $ - e f) - w n Cr(|| $ - e f). 

b) If ^' e t* is close enough to then {U,$,') is good and 

i?4(M,-) = i?4'(A/,-). 

Proof. The part a) is a direct consequence of the excision property (see Propo- 
sition 4.1. in 28 ). Consider now the scalar product (7Y — ^%f,'H — £,m) where 

= s^' + (1 — s)^, s e [0, 1] and (— , — ) is a T-invariant Riemannian metric on 
M. Wehave {Ti. ~ i%i - S,m) = ||^ - CmIP + s((C - C')m, W - Cm) and then the 
foUowing inequaUty holds on M 

(3.35) {n ~ Cm, n ~ 6/) > 11^ - ^/f (ll^ - 6/11 - 4 (e - OmW) ■ 

Since dU is compact we have the following inequahties on it: \\H — > ci > O 
and ||aj\/|| < C2||a|| for any a G t. So (|3.35|l impHes the following inequality on dU: 

{n-eM,n-^M)>ci{ci~sU-e\\) for s e [0,1]. 

So if is close enough to we have \\H — C|j|| > C3 > O on dU for any s e [0, 1]. 
We have first prove that the couple {U,S_^) is good for any s e [0, 1]. We see then 
that the familly of transversally elliptic symbols Thom^s (W), s S [0,1] defines an 
homotopy between Thom^ iU) and Thom^' iU) . Hence Thom^ iU) — Thom^' iU) in 

Part a) of Proposition 13.91 tells us that RRff{M,—) depends closely 
of the intersection U n Cr([l $ - ^ \\^). In particular RRjj{M,-) = O when 
U n Cr(ll $ - c W^) = 0. Recah that 

(3.36) Cr(ll $ - e II') = U ^-^^ n *"'(^ + ^) 
where C t* is a finite set pl] . 
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Definition 3.10. For any ^ G t* and 7 G B(^, we denote simply by 

-) : KriM) ^ i?"°°(T) 

the map is aT-invariant open neighborhood ofM'^n^ "'^(7+^) 

such that Cr(|| $ - ^ f ) n W = A/-^ n $-i(7 + O- 

Part a) of Proposition 13.91 insurcs that thc maps RRi^{M, —) are well defined, 
and for any good couple (JJ^ ^) we have 

(3.37) i?4(Af,-)= Y. RR^M,-). 

If one takes U = M, we have RR^iM, -) = RR{M, -) = E^eB^ RR^i^^^ ') (see 
|2HI[Section 4]). 

3.3. Periodic polynomial behaviour of the multiplicities. We suppose here 
that the Hamiltonian T-manifold (M, 57, $) is prequantized by a r-coniplex Hne 
bundle L satisfying (|3.21|) for a suitable invariant connection. In this section we 
will characterize the periodic polynomial behaviour of the multiplicities m(/x, k) 
with the help of the localized Riemann-Roch character RRq{M, —). 

Let us introduce some vocabulary. We say that two generalized characters x^ = 
J2fj,eA' "m coincide on a region _D C t*, if a+ = a~ for every /x G -D n A*. A 
generalized character x = X]^t supported on a region Z? C t* if = O for 

^ D. K weight /i G A* occurs in x = if ^ 0. 

For ^ G t* , we define > O as the smallest non-zero critical value of the function 
II $ — ^ II, and we denote by _B(^,r^) the open ball of center ^ and radius r^. 

Theorem 3.11 (|2HI). For any ^ G t*, the generalized character RR^{M,L'^'') 
coincides with RR{M,L®^) on the open ball k ■ _B(^,r^). 

The arguments of |2H| for the proof of this Theorem will be needed another time, 
so we recall them. Let ^ G t*. We start with the decomposition 

(3.38) RR{M,L®^) ^ ^ RR\{M,L'^''). 

We recall now, for a non-zero 7 G B^, the localization of the map RR^ on the fixed 
point set HH 

Let N be the normal bundle of in M . The almost complex structure on M 
induces an almost complex struture on JVP and a complex structure on the bundles 
N and Ac := A (g) C. FoUowing (|3.28|) we define the 7-polarized complex vector 
bundles N+''^ and (7Vc)+'''. 

The manifold M'*" is a symplectic submanifold of M equipped with an induced 
Hamiltonian action of T: its moment map is the restriction of $ on A-P . FoUowing 
Definition 13. 101 we have on a localized Riemann-Roch character RR^{M'' , — ). 
On M'' , the Hamiltonian vectors fields of the functions || ^ |p and || $ — (C+7) |j^ 
coincide, hence 

(3.39) RR^^iAP, -) = RR^+''{M'', -). 
We prove in "55^ [Theorem 5.8.] that 

(3.40) (A/, E) = ^(-l)'i?i?« (AfT , E\M-r ® det(iV+'T) ® 5'=(Ar+^^)) 

fceN 
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for every T-vector bundle E. Here I is the locally constant fonction on Af" equal 
to the complex rank of 7V+'^. 

Proposition 3.12. 28 [Section 5] Let N he the T-vector bundle N with the opposite 
complex structure on the fibers. The sum (—1)' X]fc6N det(iV+''') ® S''{N^''^) is an 
inverse of A^N that we denote [A'IV]^"'". 

If we use the notations of Proposition lO^ and (|3.39|) . the locahzation (|3.4U|) can 
be rewritten as 

(3.41) (M, E) = RRI+^ (m\ E\m. ® [AJF]^') . 

Let i : T-y T be the inclusion of the subtorus generated by 7. For a T-vector 
bundle F — > Af, it is easy to show that a weight /1 G A* occurs in RRi^{M'^ , F) 
only if i*{fj,) occurs as a weight for the T-^-action on the fibers of F (see Lemma 
9.4. in H^). Since the Tj weights on the bundles N^''* and N^^'^ are polarized by 
7, the locahzation l|3.40|l gives the foUowing 

Proposition 3.13. For a non-zero 7 G B^, the generalized character RR^{M, L®'^) 
is supported on the half space {a G t* | (7, a — fc(^ + 7)) > 0}. 

Since the condition (7,0 — + 7)) > O imphes that \\ a — |j> k \\ 7 ||> kr^, 
the last proposition shows that every weights of the open ball k ■ B{£,,r^) does not 
occurs m RR^{M, L®'^). This last remark together with prove Theorem l3.11l 

For the localized Riemann-Roch character RRq{M,—) we have the foUowing 
Lemma which is very similar to Lemma 12.31 

Lemma 3.14. Let c C t* be a connected component o/ regular values of $. For 
every G c, we have i?i?^(M, -) = RR^ {M, -). 

Proof. We have to show that the map ^ ^ RRq{M, — ) is locally constant on c. 
Let 1^ G c and take an open neigborhood U of <i>^^(^) small cnough such that the 
stabilizer T!,„ = {t E T \ t ■ m = m} is finite for every m E IA. We see thcn that 
Z7nCr(|| f) ^ and9WnCr(|| f) = 0iff is close enough to ^ 

hence RR^ {M, — ) = RR^{M, —) for close enough to Part 6) of Proposition 
13.91 finishes the proof. □ 

When ^ is a regular value of the localized Riemann-Roch character RR^{M, — ) 
as been computed in |2H| as foUows. Let RR{A4^, —) be the Riemann-Roch map 
defined on the orbifold = $^^(^)/r by means of an almost complex structure 
compatible with the induced symplectic structure. For every T-vector bundle E — > 
M we dcfinc the foUowing familly of orbifold vector bundles over M^: 

(3.42) {eU-ho ® ^^-m) /T, e A* . 

For every T-vector bundle E' on M, we proved in |2H| [Section 6.2.] the foUowing 
equality in R-°°{T) 

(3.43) RRI{M,E)^ J2 RRiMi,£^,^)C^. 

AieA* 

This decomposition was first obtained by Vergne '33' when T is the circle group and 
when M is Spin. The number RR{jVl^^£^^) G Z is then equal to the T-invariant 
part of the index RR^{M, E) C_^. 
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Remark 3.15. Let t ^ t he a character ofT. Suppose that a subgroup H (Z T acts 
trivially on M and with the character t £ H ^ on the the fibers of the T-vector 
bundle E. Then H acts with the character t € H ^ t^^>^ on RRI{M,E) (g) C_^, 
and then RR{A4^, S^.fj.) ^ O only ift^~^ = 1 for every t G H . So the sum in 
can be restricted to A + A^, where is the sub-lattice of A* formed by the element 
a € A* satisfying i" = 1, \f t £ H . 

This remark applies also on the usual character RR(AI, E) = X)/ieA* '^m'^m- '^^^ 
mutiplicity to^ d Z is equal to the (virtual) dimension of the T-invariant part of 
RR{M, E) (g) C_^. With the same hypothesis than above we see that ^ O only 
iffi eX + A}j. 

Let r M be the generic stabilizer for the aetion of T on M. Consider a weight 
tto such that T M acts on the fibers of L with the character 1 1-^ We define the 
sublattice S(M, L) C A* x Z by 

(3.44) S(M, L) ■= {(/i, /c) e A* X Z I fcao - M G AJ^ J. 
We know then that ni(^, /s) = O if (^, fc) ^ S(A/, L). 

Proposition 3.16. Let c be a connected component of regular values of ^ and let 
Conc(c) be the corresponding cone in t* x (see ^y.25\l ). Let ^ £ c. For any 
(/^, fc) e Conc(c) n S(M, L) we have m{p, fc) = RR{M^, £| ^) where 

(3.45) 4^ = (L®'=U-i(Q®C_J/T. 

Froof. Let (/z, fc) G Cone(c) and let ^' = ^ £ c. We known froni Theorem l3.11l 

that the generahzed character RR^ (M, L®'') coincides with RR{M,L®'') on the 
open ball fc • B{^',r^i) = B{fi, kr^i). So m(/i, fc) is equal to the /i-multiplicity in 

(M, L®'=). Take now any ^ e c. We know after Lemma lTTl that i?i?^(M, -) = 
RR^{M,-) and shows that the /i-multiphcity in RR^{M,L'^'') is equal to 

RRiM^,Cl^). D 

Definition 3.17. Take ^ G c. The map : A* x Z, 'Z is defined by the eguation 

(3.46) mAp,k)^RR{M^,Cl^), 

where ^ is the orbifold line bundle defined by {3.45}) . In other words, the map 
nic is defined by the following eguality in i?^°°(T) 

Y, m,(Ai,fc) C^-i?i?«(Af,i®'=). 
/jeA* 

for all fc £ Z. After remark \3.15l we know that is supported on the sublattice 
S(Af, L) defined in Pl^p . 

We will now cxploit the Riemann-Roch for orbifold due to Atiyah-Kawasaki 
P uni to show that the map nic is a periodic polynomial. 

3.4. Riemann-Roch theorem on orbifolds. First we recall how is defined the 
Riemann-Roch character RR{A4^,£^) when ^ is a regular value of $, and £^ = 
E\<s>~^{S,)/T is the reduction of a complex T-vector bundle E over M. The number 
RR{M.(^, £() G Z is defined has the T-invariant part of the index of a transversally 
elliptic operator De on <i>^^(^). Since the index of De depend only of the class of 
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its symbol a {D e) in Kt{Tt^^^{0)j it is cnough to define the transversally elliptic 
symbol a{DE)- Since the action of T on is locally free, V Tt$"HO is 

a vector bundle. It carries a canonical symplectic structure on the fibers and we 
choose any compatible complex structure making V into a Hermitian vector bundle. 
At {m, v) E T$^^(^), the map a{DE){m,v) is the Clifford action 

Cl,„(i;i) ® IdE„^ : (A^^^Kr.) ® ^ (A^'^'^V™) ® 

where vi S is the y-component of the vector v G Tm^^^ {£,)■ We explain now 
the formula of Atiyah-Kawasaki for RR{A4^, when ^ e <i>(Af ) is a regular value 

of $ Dnni. 

Let F be the collection of the finite subgroup of T which are stabilizer of points 
in M. Consider the orbit type stratification of $~^(^) and denote by §5 the set 
of its orbit type strata. Each statum S' is a connected component of the smooth 
submanifold 

(3.47) ^'HOhs ■■= {m e ^-'iO I StabT(m) = Hs}. 

for a uniquc Hs E F. The orbifold decomposes as a disjoint union Usgs^ S'/T 
of smooth components, and each quotient S/T is a suborbifold of A4^. The generic 
stabilizer T m of T on M is also the generic stabilizer of T on the fiber^ $~^(^), 
and is associated to an open and dense stratum Sm,ax- 

Suppose that i? — > M is an Hermitian T-vector bundle. On each suborbifold 
S/T, we get the orbifold complex vector bundle 

(3.48) £s := E^^/T- 

We define twisted characteristic classes Ch^{£s) and D^{£s) by 

(3.49) Chr'{£s) := Tr (7^^ • e5V«(^^s)^ ^ -f E H, 
and 

(3.50) D''(£:5):=det(l-(7^^^)-i-e-^^(^^)), -f E H. 

Here R{£s) G .4^(S/T, End(£s)) is the curvature of an horizontal Hermitian con- 
nection on E^-g, and 7 ^ 7^^ is the linear action of H s on the fibers of E^-g. 

Let Ns be the normal bundle of S in $^^(^). The symplectic struture on M 
induces a symplectic form fls on each suborbifold S/T, and a symplectic structure 
on the fibers of the bundle Ns- Choose a compatible almost complex structure 
on S/T, and a compatible complex structure on the fibers of Ns making the tan- 
gent bundle of S/T and Afs ■— N s /T into Hermitian vector bundle. Consider a 
Hermitian connexion on T(S/T), with curvature R{S /T), and let 

(*/27r)i?(S/T) 



(3.51) Td(S/T) = dot , _ ^ ^ 

be the corresponding Todd forms. Like in H3.50|l . we associate to the complex 
orbifold vector bundle Afs, the twisted form D~{J\fs) which is a map form Hs to 
A"""' (S /T). The 0-degree part of ^''^(TVs) is equal to det(l - (7^^)"^), hence 
D^{Afs) is invertible in y^™™(S/T) when 7 belongs to 

(3.52) H°s^{jEHs\ det(l - (7^^)"') ^ 0}. 



^Since a neighborhood of <& ^{^) in M is r-equivariantly diffeomorphic to <& ^(5) X t* 
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Note that Hg corresponds to the set of 7 G Hs for which S' is a connected compo- 
nent of ($-i(0)'^- 

Theorem 3.18 (Atiyah-Kawasaki). The number RR{M^,£^) 'E is given by the 
formula 



'S /T 



(3.53) RR{M^,£^)=Y, Wl ^ f- 

We exploit now Theorem 13.181 to show that the map m^ : A* x Z ^ Z which is 
defined by l|3.46|l is periodic polynomial. We need the classical computation of the 
first Chern class of the Une bundle 

(3.54) Ll^ = {L®^®£^,)-,/T. 

The curvature form uj^ e H'^{M{) ® i oi the principal T-bundlc $^^(C) ^ 
restricts to a curvature form LOg G H'^{S /T) (g) t on each strata. 

Lemma 3.19. The first Chern class of the Une bundle Cg^ is given by 

For a strata S, we consider as G A* such that 7 G Hs 1— > 7"^ corresponds to 
the action of Hs on the fibers of L|^. FinaUy we have the decomposition 

(3.55) m,ifi,k)^ J2 Psil^,k), 
where 



(3.56) 

I r7 c I 



When S is the principal open dense stratum Smax the map Ps is 
(3.57) RmaAp^k)^ ^-""^;'^. ° " / Td(A^5)e^('=^«-<''^«-'''-«». 



M\ J M 



The term — "'^ |^^^ is equal to 1 when (n, k) belongs to the lattice S(M, L) 

(see (I3.44|l l and is equal to O in the other cases. From H3.56|l we see that Ps is 
a periodic polynomial of degree less than ilini^lll^ g^^A for S = Smax we have on 
S(M,L) 

(3.58) P_(M,^)^^/ iJ^^k^Mph!^^o[l-l) 



(27r)' J M, l'- 

where I = — - and 0{l — 1) denotes a polynomial of degree less than I — 1. If 
we use the polynomial DH^ defined in Section|2we can conclude our computations 
with the foUowing 

Proposition 3.20. The map m^ is a periodic polynomial of degree I — '^""^"^'^ 
supported on S(A/, L). For (/i, k) G S(Af, L) we have 

m.(A^,fc) = |rM|^DH,(^) + O(Z-l), 

where 0{l — 1) means a periodic polynomial of degree less than I — 1. 
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If c± are two adjacent conncctcd components of regular values of $, we know 
after Theorem 12.91 that DHc^ 7^ DHf so we can conclude from Proposition 13.201 
that 

(3.59) mc_|_ 7^ mc_ . 

3.5. Jump formulas for the nic. Let c+ and c_ bc two adjacent connected coin- 
ponent of regular values of $ separated by an hyperplane A. The aim of this section 
is to compute the periodic polynomial m^^ — . 

Let /3 G A be the unimodular orthogonal vector to the hyperplane A C t* which 
is pointing out of C-. Let Ta C T be the subtorus of dimension 1, with Lie algebra 
tA := {X € t \ ~ ^' , X) — O, V^, ^' e A}. We make the choice of a decomposition 
T Ta X T/Ta, where T/Ta denotes a subtorus de T. 

Let c' be the relative interior of c+ HcT in A. FoUowing Definition 12 . 51 we denote 
by Mc' the union of the connected component Z of the fixed point set M'^^ for 
which ^{Z) contains e'. The symplectic submanifold M^' carries an Hamiltonian 
action of T/Ta with moment map <i>c' equal to the restriction of $ on Mc'. 

We consider two points ^± S c± such that ^ = ^(C'*' + C~) G ^' ■ We suppose 
furthermore that — is orthogonal to A. Using the Identification t* ~ t given 
by the scalar product the vector 7 ~ ^(?+ " seen as a vector of tA, belongs 
to We noticed in Section [TU that for aU m € $~^(C) the stabilizer im is 

either equal to Ia or to {0}. Then ^ is a regular value of <i>c' and there exists an 
open T-invariant neighborhood U of $^^(^) in Al such that for all m G U either 
tm := {0}, or tm = tA and $(to) G A. 

One see easily that the couple (W, O good and part b) of Proposition 13 . 91 tells 
us that 

(3.60) RRUm, -) = RR^- {M, -) = (M, -) 

when ^± are close enough to ^. Since U fl Cr(|| $ — C IP) = '^'"^(C) have 
RRy{M, — ) = RR^{M, — ). If ^± are close enough to £, we have 

(3.61) iYnCr(|!$-e± \\^) = <^-\^±)\jM^n<f-\0- 

The former decomposition is due to (|3.36() and to the fact that the stabiliser of t 
on U are either equal to tA or to {0}. Notice that ^- + 7 = ^+ + 7 = ^. The 
decomposition H3.61|l gives 

(3.62) RRff (M, -) = {M, -) + (A/, -), 

where RR^^ (M, — ) (resp. RR^^^{M, — )) is the Riemann-Roch character localized 
on AfT_n $-1(0 by the vectors field U - (C-)m (resp. U - {S.+ )m)- Now f^W^ 
and H3.62|l prove the foUowing 

Proposition 3.21. If ^± are close enough to A, we have 

RrI+ {M, -) - RR^- (M, -) = (A/, -) - i?i?lt,(Af, -). 

We know from Proposition 13.161 that m^^ (/i, k) is equal to the //-mutiplicity 
of i?i?Q* (Af, L'^''). Hence mc^(/i, /s) — mc_{l^,k) is equal to the /j,-mutiplicity of 
RR^- (Af, L®'^) - RR^JM, L®'=). 
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Let Na be the normal bundle of M'^^ in M, and let [a* TVaJ be the polarized 

inverses of A* TVa (see Proposition 13 . 1 2fl . Since — j — and 7 G ]R>*'/3, 

the localization H3.41II gives 

(3.63) RR^- [M, E)=Y, RR^ {z, E\z (g> [AjWi] 

z 

and 

(3.64) RR%{M, E)=Y, RR^ [z, E\z ^ [a^Nz] Z^) ■ 

z 

In (|3.63|) and (|3.64|l the sum are taken over the connected components Z of 
Mc' C Al'^^ and we denote Nz the restriction of the bundle Na to Z. Let us 
make few remarks concerning the maps RRq{Z,—) : Kt(Z) R^°°{T). Since 
Ta acts trivially on Z, the decomposition T — T/Ta x Ta induces a canonical 
isomorphism JiriZ) ~ Ky/j'^(Z) R(Ta)- i. e. every T-equivariant vector bundle 
E ^ Z decomposes as 

(3.65) E= E E^^Ca. 

Here A^^ = A* n is the set of weights for the subtorus Ta, each E" is a 
T/TA-equivariant vector bundle on Z and Cq denotes the one dimensional Ta- 
representation associated to a G AJ"^ . 

For every T-equivariant vector bundle E ^ Z, the character RRq{Z, E) is equal 
to the T-equivariant index of the T-transversally elliptic symbol Thom^ (V) ®p* (E) , 
where V is a small neighborhood of $~^(^) n Z in Z (see Definition l3.8|) . Since the 
Ta action is trivial on Z the symbol Thomj(V) is also T /T a transversally elliptic 
and the action of Ta is trivial on it. We have then 

(3.66) RRI{Z,E)^ e RRl{Z,E°')®<Ca 

where RR^{Z,E") belongs to R-°°{T/Ta)- Since ^ is a regular value of $c', the 
character RRq{Z, E"^) is computed by Theorem 13.431 applied to the Hamiltonian 
T/TA-manifold Z. For every T-vector bundle E ^ M we define the familly £^^^^ 
of orbifold vector bundles over the reduced space — Z n ^^^{£,)/{T/Ta) by 

(3.67) := {E'^^ ® C_^J U-i(^)nz/(T/TA). 

Here m G A*^ and /i2 G A*/^^ = A* n (t/tA)*- Finally Theorem ES) and (j?:^ 
give the foUowing 

RRi{Z,E) = Y. Y. ® '^Mi ® 

(3.68) = E ^^(^C'Cm.) ■ 

MeA' 

In (|3.68|l we write G A* as a sum of /ii G AJ'^ with /i2 G A*^^^ so that 
G R{T) is equal to the tensor product C^^ ® C^^ . 

Now we finish the computation of the pcriodic polynomial m,;^ (/i, fc) — mi;_ (/i, k). 
The hyperplane A is defined by the equation — ta, £, G t*, for some r a G Z. 
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We have the decomposition 



(3.69) [AjTVz] ^ ' - [AjTVz] _J = E ("l)""^"^ ® C„ 



'A 



where 5^ — > ^ is a complex T/TA-vector bundle, and the integers nz{oi) are defined 
by the the following relations 

nz{a) = rkc(A^+''^) ^/ (a,/3)>0 
(3.70) nz(a) = rkc(iV+'-'^) + 1 if (a,/3)<0. 

Let /3* be the vector of which is defined by the relation (/3*, (3) — 27r, so that 
A^^ = Z/3*. The TA-weight on dct(iV+'=^'') is ±s|/?* where ,s| G N is the absolute 
value of the trace of ^-C/j on Np^^ . Since the TA-weights on S^{N^''') (resp. 
S''{Np~'^)) are of the form pP* with p > O (resp. p < 0), we see that 



(3.71) 5^ = if -s-<i|^<4. 



The Hne bundles L^''\M^,,k e Z can be considered either as T- vector bundles 
or as T/TA-vector vector bundles: we denote them respectively by L^''\t and by 
L'^'^It/Ta- The TA-weight on I'®*'|m,, is equal to kr^P*, hence we have 

(3.72) L^''\t = L^^/T^ ^ Ckr^0, . 

For every /i e A* and Z C M^/ we define the orbifold vector bundle^ S^^^^ on the 
reduced space = {Z n $-H^))/(T/Ta) by 
(3.73) 

where fi = fii+ ^2 with /ii G AJ'^ and /^2 € ^t/i^ ■ 

Theorem 3.22. Let S|_^ be the orbifold vector bundle on M.f = Liz(zM^,-Z^ which 
is equal to Sz,ij, 6*^^/1 connected component Z^. For every {fi, k) € A* x Z, we 

have 

(3.74) m,^ ifi, k) - mc_ {n, k) = RR{Mf,Sl^). 
In particular mc_^ (/i, k) = mc_ {fi, k) if 

(3.75) -s- <itl^-krA<s+, 
with = inizcM , • 



^More precisely u ±1 times a orbifold vector bundle over the reduced space Z^. 
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Proof. After (|3.63|l . (|3.64(l . and Proposition 13.211 we know that mc^(^,fc) 
nic_ (/i, k) is equal to the /i-mutiplicity in 




aSAr ZCM, ^ 

G R-°°{T/Tix) 

(3.76) = ^ i?i?(A^f,§|;^)C^ 

/iGA* 

Hcrc ()3.76(l is a direct consequence of (I3.68|l modulo the shift /ii ^ /^i — kn/\(3* 
in A* (Ia). We get (|3.75|) using the vanishing conditions H3.71|l . □ 

When condition l|3.75|l is the optimal one? In other word, do we have mc_|_ k) ^ 
nic_ (/i, k) for some /i G A* such that -^^^ — fc^'A = s+ , and do we have m^^ (/i, k) ^ 
mc_ (/i, fc) for some /i G A* such that — fc^'A ~ 1 

Until the end of this section we consider couples (/i, k) such that ^ = 
(/crA + s+)/3* + /Lt2 with /Z2 € ^t/tA' ^'^^ orbifold vector bundle we have 
§1,^ = where 

(3.77) §1,^, - (i^'lT/TA ® det(7V+''') ® C_^,) \zn<,-^(^)/{T/T^) 

when s+ = .s^ £iiid §2/^ = when s+ < s^. Hence m^^ (/i, /c) — mc_ (/i, fc) is equal 
to 

(3.78) Y. (-l)'''"^^-"'^^i2(^€,§l,^J 

Z,s+=s+ 

Now we use the results of Section IS^ to compare the behaviour of the maps 

(3.79) A*/j^ X Z — * Z, 

(M2,fc) ^ i?i?(Z^,§|_^J 

for the different components Z satisfying = s^. Let C T jTi^ be the generic 
stabihser of T/T^^ on a component Z. Let az,6z G ^t/tA ^^'-'^ th.aX the action of 
on the fibers of L\z and det(Af^''') are respectively t — > i"^ and t — > t^^ . After 
Remark l3.15l we know that the map (|3.79|) is supported on the subset 

(3.80) Sz {(^/2, k) e A*/^^ x Z | ife"-+^-+M2 = i, V t G T z}. 

The only difference with the computations done in Section 13.41 is the presence of 
the hne bundle det(iV^'^). But this do not change the global behaviour of the map 
(|3.79|l on S^: it is a periodic polynomial map of degree I z = dim(2^)/2 and we 
have 

(3.81) RR{Z^M,^.) = £ (k^z, - {k^ - /^2,^z,))'^ + 0{lz - 1) 

for all (^2 ,k) G Ez- We see then that the sum (13.78(1 does not vanish for large 
values of {n2,k) when the number (— l)'''^c(Wz ' ) are equal for all the components 
Z of maximal dimension. Finally we can conclude with 
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Proposition 3.23. Consider the set of components Z C Mc' for which "^^ 
minimal. Among them consider the subset J- where dim(Z) is maximal. If the 
integers rkc(-/V^''^), Z Cz J- have the same parity, then the condition "-3^ — kr^ < 
s'^ " is optimal in jS. 75)) . 

In the same way, consider the set of components Z C Mc' for which s^ is 
minimal. Among them consider the subset T' where dim(Z) is maximal. If the 
integers ihciN^'^), Z ^ T' have the same parity, then the condition 
"-S- < - kr^" is optimal m 

4. MULTIPLICITIES OF GROUP REPRESENTATIONS 

Let K he a. semi-simple compact Lie group with Lie algebra t, and let T be a 
maximal torus in K with Lie algebra t. In this seetion we denote (— , — ) the scalar 
produet on t induced by the Kilhng form, and we keep the same notation for the 
induced scalar products on t* and on t. 

An element A G t* belong to the real weight lattice A* c t* if z A is the differential 
of a character of T that we denote t 1^ t^: if t — exp A then t^ := e*^'^'"^^ Let 
91 C A* be the set of roots for the action of T on t (g) C, and let A^ be the sub- 
lattice of A* generated by 91. We choose a system of positive roots 91+ C 91, and 
we denote t!^ the corresponding Weyl chamber. 

The irreducible representations of K are parametrized by the set A^ = A* n t^. 
For A G A!j_ we denote by V\ the irreducible representation of K with heighest weight 
A. Here we are interested in the T-multiplicities in Vx\t. Let m : A* x A^ ^ N be 
the map defined by 

(4.82) Vx\t^J2 ™(^'^) 
for every A G A!^. 

Definition 4.1. For every A G a;, we denote m^ : A* x Z>" N the map defined 
by m^{iJ.,k) — m(/i,fcA). So m'^(/i, /c) is equal to the multiplicity ofC^ in Vk\\T- 

4.1. Borel-Weil Theorem. First we recall the realization of the -representation 
Vx given by the Borcl-Wcil Theorem. The coadjoint orbit K ■ \ \s equipped with 
the Kirillov-Kostant-Souriau symplectic form which is defined by: 

(4.83) n{XM,YM)m^ {m,[X,Y]), for meK-X and X,Yei. 

The action of if on if • A is Hamiltonian with moment map K ■ X ^ i* equal to 
the inclusion. The action of T on if • A is also Hamiltonian with moment map 
$ : if • A — > t* equal to the composition of the inclusion if • A ^ 6* with the 
projection map i* ^ t*. 

There exists a unique if-invariant complex structure on if • A compatible with 
the symplectic form. In this situation the Kostant-Souriau prequantum line bundle 
over if • A is 

Here we use the canonical Identification if / if a ~ if • A, [k] k- X, whcrc if a is the 
stabilizer of A in if . The line bundle C[a] over the complex manifold if • A carries 
a canonical holomorphic structure. If one work with the symplectic form kQ, for 
an integer k > 1, the corresponding Kostant-Souriau prequantum line bundle is 

C®^= = if CfcA = C[feA]. 
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Let W{K ■ A, C[||') be gth cohomolo gy group of the sheaf of holomorphic section 
of Cf^;^ over K ■ A. The Borel-Weil Theorem tells us that 

(4.84) 'H\K-\Cf^) = Vkx 
and 

(4.85) W«(if • A,C®p = O for q>l. 

li RR^ {K ■ \, — ) : Kk{K-X) R{K) is thc /v-Ricmann-Roch character defined 
by the compatible complex structure, l|4.84|l and (|4.85(l give 

(4.86) RR^{K ■\<Cf^^)^Vkx in R{K) 

Now if we denote by RR{K - A,-) : ¥.t{K ■ A) R{T) the T-equivariant 
Riemann-Roch character, we have Vkx\T = RR{K ■ \<Cfx])- The multipUcity fonc- 
tion m'*' : x N* ^ N is characterized by the relation 

(4.87) RR{K ■ A, Cf^^) = ^ m^(^, k) C^, in R{T), 
for fc > 1. 

The sub-lattice A|j of A* generated by the roots is characterized by the (finite) 
center Z{K) of K as follows. For a G A* we have 

(4.88) A e A^ <^ = 1, yt e Z{K), 

and for t G T we have t e Z{K) <^=> = 1, VA G A^. The finite abehan group 
A*/A|j is then naturaUy identified with the dual of Z [K). We have the fohowing 
weh-known fact. 

Proposition 4.2. We have ni^(/i, fc) ^ O only if ij. — kX E A|j. 

Proof. The center Z (K) of K acts trivially on ii' • A and with the character 
t G Z{K) t''^ on thc fibers of the hne bundle C^J". Since m^(/i, fc) is equal to the 
dimension of the T-invariant subspace of RR{K ■ A, C^^) C_p, we have foUowing 
Lemma lST^ that ni^(^,fc) ^ O only if = 1, G Z{K). We conclude then 

with igSHIl- ° 

In this section we are interested in the periodic polynomials 

(4.89) : A* X Z — > Z. 

defined for every connected component c C t* of regular values of the moment map 
$ : A'-A t*: the map m^ coincide with m"^ on the set {(^, fc) G A* xZ>'' | ^ G fcc}. 
Like in Proposition l4.2l the formula given in Proposition 13 . 161 for tells us that 
m^(/Lt, fc) 7^ O only if ^ - fcA G A|j. 

To apply Theorem 13 . 221 to the periodic polynomials m^, we have to compute the 
critical values of the moment map ^ : K ■ X ^ t*. 

4.2. Critical points oi ^ : K ■ X ^ t*. Let {ai, ■ ■ ■ ,adimT} be the simple roots 
of the set *H+ of positive weights. The fundamental weights Wk, 1 < fc < dimT are 
defined by the conditions 

(4.90) 2^^^^ = 5, , for all l<ij< dimT. 
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Recall that the fundamental weights generate thc lattice A*;^ of algebraic integral 
element of t* . We have A* C A*;^ and equality holds only if K is simply-connected. 
Let W be the Weyl group of {K, T) . We will see 

(4.91) T = {cr -TU^ \ cr eW, l<i< dimT}. 

as a subset of t modulo thc Identification t ~ t* givcn by the scalar product. The 
singular points of have the foUowing nice description. This rcsult first appeared 
in Heckman's Thesis |18| . 

Proposition 4.3 ( |18[ I14| '). The critical points of ^ : K ■ X ^ i* is the union of 
the fixed points set {K ■ A)^, (3 d J-. For each f3 G T we have 

{K ■Xf = [j ■ aX. 

Here is the stabilizer of (3 in K. 

The fixed points of the action of T o\iK-X characterize the image of $ completely: 
^{K ■ X) is the convex polytope 

(4.92) conv(VF • A) := convex huU of • A. 

This result was first proved by Kostant |23- This is particular case of the convexity 
theorem of Atiyah, Guillcmin and Sternberg Froni Proposition l4.3l we know 

that the singular values of $ : • A ^ t* are the convex polytopes 

(4.93) conv 

where is the stabilizer of /3 in W, i. e. is the Weyl group of {K^ , T). Each 
convex polytope conv(l/l^'' • uA) lies in the hyperplane 

(4.94) A^,, = Uet* I (^-aA,/3) = 0}. 

Note that ■ aX coincide with Rf^ ■ a'X if and only if aX e W^a'X. Two 
polytopes conv(iy • ctA) and conv(iy^ • a' A) intersect if and only if {aX,f3) — 
(a'A,/3) =0. 

Definition 4.4. An element X £ A*^ is generic if for every fundamental root Wi 
we have 

(4.95) {aX,vj,)^{a'X,Wi) 

each times that aX ^ W^a'X (here = {a eW\ awi — Wi} ). 

This condition of genericity imposes that the hyperplanes A^.o- and A^.o-' are 
distinct each times that thc submanifolds K^^ ■ aX and ■ a'X are not equal. 

Example 4.5. Consider the case o/SU(4). Take the coadjoint orbit trough X = 
(2,1,-1,-2), and a, a' such that crA = (2,-2,1,-1) and a'X = (1,-1,2,-2). 
Take the fundamental weight vo^ = ^(1,1,-1,-1). In this case X is not "generic" 
since aX ^ W^a'X but (crA, -072) = {a'X,zo2) = 0. 
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4.3. Main theorems. Lct c+ and C- be two adjacent connected components of 
regular values of $ : K ■ \ t*. The intersection c+ fl c+ is contained in an 
hyperplane orthogonal to /3 G JF. 

Definition 4.6. Let ^(c+,c_) be the set of all <t €E W/W^ such that the convei 
polytope conv{W^ ■ aX) contains c+ H c+ . 

The set 

cre.4(c+,C_) 

corresponds to the subset of the critical points of <I> that intersect $~"'^(^) when 

e e cT n cT- 

Remark 4.7. When X is a regular element of t* , all polytopes conv{W^ ■ crA) are 
of codimension 1. When X is "generic" (see Def. \4-4}) ^ the set A{c+, c_) is reduced 
to one element. 

The multiphcity function m'*' : A* x N* — > N is invariant under the action of 
the Weyl group: m^{a^,k) = m'^(//,fc) for every a G W. The set of connected 
component of regular values of 4> is also invariant under the action of W. 

So for the rest of this section we restrict our attention to case where c+ and C- 
are separated by an hyperplane orthogonal to a fundamental weight (3 = Wi'. the 
vector (3 = Wi is pointing out of c_. Consider a e -4(c+, c_) and let ■ aX be the 
corresponding connected component of {K ■ X)^ (here denote the stabilizer of 
vui in K) . The tangent space of • A at crA is the foUowing if'^'^'-module 

(4.96) T,xiK-X)^ Y. 

{a,aX)>0 

where C t ® C is the one-dimensional complex subspace associated to the weight 
a E DI. In the same way, the tangent space of K"^ ■ aX at crA is the K"^ n ii'°''^-niodule 
defined by 

(4.97) T,x{K'-aX)= ^ 

{a,aX)>0 

(Q,roi)=0 

Finally the normal bundle of K' ■ aX ~ K' /{K' n K"^) in K ■ X is J\f„,, = 
K' 

^ K'-nK"'^ where 

(4.98) N„^i= J2 

(a.CTA)>0 

For an element /i G t*, we have ^ = J2i=i'^ [lAk oik where the [/x]fc G K are defined 
by the relation = 2-^^^^. When /i G A|j the coefficients are all integers. 

Definition 4.8. For a G .A(c+, c_) we define the positive integers 

<. = ± E w.- 

(a,(TA)>0 

±(Q,roi)>0 

Note that s^,- + s~ ^ is larger than half of the codimension of K' ■ aX in K ■ X. 
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Theorem 4.9. Let c+ and C- he two adjacent connected component of regular 
values of ^ : • A — > t* separated by an hyperplane orthogonal to a fundamental 
weight Wit we denote r i the commum value for all ^ in this hyperplane. Let 
X Z — > Z be the corresponding periodic polynomials: they are supported 
on the sub-lattice :— {(/i, /c) | /i G fcA + A|j.}. 

For all (/i, k) G Sa, we have ni^^ (/^, k) = ni^_ (/i, fc) when 

(4.99) -.sr < [^], -A:r, < .5+. 
i/ere i/ie positive integer sf are defined by 

(4.100) sf = inf s± 

creyl(c+,c_) 



cr,2 



When A{c^, c_) is reduced to one element a, for example if X is "generic", the 
integer ,s+ + is larger than half of the codimension of ■ a\ in K ■ X. 

Another way to express the result of Thcorcni l4.9l is to introduce like in the 
convex polytope 

(4.101) □(c+,c_)= fl j J2 

aeA(c+,c-} \(a,CTA)>0 

Let A be the hyperplane which separates and c_ . Equation H4.99(l is equivalent 
to saying that 

(4.102) m^^{fi,k) = m^_{ii,k) if ^ G fcA + 0(0+, c_). 



Corollary 4.10. Let c be a connected component of regular values of ^ which is 
bording a facet of the polytope $(7^- A) orthogonal to the fundamental weight nj^; the 
facet is conv(VK* • crA) for a unigue a G W/W^ . We suppose that zui is pointing out 
of c. We denote r i the commum value for all ^ in the facet. For all (/i, k) G S^, 
we have m^{ii, k) — O when 

(4.103) -s-^ < [/i], - kr, < 

Froof. Theorem 14.91 is a direct consequence of Theorem 13.221 The main dif- 
ference between them is the decomposition of the lattice supporting the periodic 
polynomials. In the former we use the decomposition A* — A^^ © ^t/iA Associated 
to the choice of a subtorus T jTf^. Here, since m^^ is supported on A + A|j, we use 
the decomposition A|j = Za^ © Tliki^i ^'^k- 

We start like after Proposition 13.211 m^^{ii,k) — m^_(/i,fc) is equal to the /i- 
mutiplicity in E<Te^(c+,c_) " where 

(4.104) At = RRl [k^ ■ aX, Cf^\ © [aJAQ 

Here ^ belongs to the relative interior of c+ n c+ , the line bundle is equal to 
x^ip^<,A Cka-\ and [a*!A4~7|^^ corresponds to (— l)'''*^'^(^<T,i) times 

K' XK^r,K'>^ (det(iV±,)0 5*((iV,,,®C)±)), 
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with 

(q,<tA)>0 
±(Q,CTi)>0 

and 

±(Q,roi)>0 

Now we can apply Reniark |8.15l with the subgroup H C T equal to thc center 
Z{K^) of K^: an element 7 G A* belong to J2k^i ^o^fe ^^'^ only if H = 1 for all 

t e z(is:0. 

The group Z{K^) acts trivially on the manifolds -crA, and with the characters 
associated to the weights 

kaX + a + 6 with {S, Wi) > O 

Ca,(TA)>0 

(a,roi)>0 

on the bundle C^J^ ® [a* ^ , and with the characters associated to the weights 
fccrA + a + (5 with {S,'coi)<0 

(q,<tA)>0 

(a,roi)<0 

on thc bundle C^J^ ® [a* _^ . Now the /i-multiplicity in is not equal to O 
only if 

(4.105) fccrA + ^ a + with ±iS,nji)>0. 

(a,(TA)>0 k^i 

±(Q,roi)>0 

Condition (|4.105|l implies that > fc[crA]i + s^,- or < fc[crA]i — s~ ^. Finally 
we have prove that m^^ (/i, fc) = m^_ (/i, fc) if 

for aU cr e A{c+,c^). □ 

4.4. The case of SU(n). Let T be the maximal torus of SU(n) consisting of the 
diagonal matrices. The dual t* can be identified with the subspace Xi + - ■ ■+Xn = O 
of M". The roots are = {e; — |1 < i ^ j < n} and we will choose the positives 
ones to be — {e; — 1 1 < z < j < n}. The simple roots are then «i = — e^+i, 
for 1 < i < n — 1, and for these simple roots, the fundamental weights are 

(4.106) uJk — —{n — k,n — k, ■ ■ ■ ,n — k, —k, —k, ■ ■ ■ , —k), 1 < fc < n — 1. 

n ^ ' ^ ' 

k timcs n~k timcs 

Consider now the coadjoint orbit 0\ for A e t*. Let $ : ^ t* the moment 
map associated to the Hamiltonian action of T on 0\. The center of SU (n), that we 
denote Z„ corresponds to the set of matrices zl with z" = 1 . Recall the foUowing 
well-known fact. 

Lemma 4.11. Let be a regular value 0/$ : 0\ t*. Then for every m G $^^(C) 
the stabilizer subgroup Tm := {t E T\t ■ m — m} is egual to Z„. 
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Proof. Since ^ is a regular value, we know that Tm is finite for every m £ $^^(^). 
The dual of the Lie algebrasu(n) decomposes assu(n)* = ^* ®J2ae9i+ where 
su(n)* ~ C-a as T-module. For m G $~^(^), we have m = mo + J2a£m+ ™" with 
rua G su(n)*, and then Tm ~ n„i^5^oker(i i-^ t"). So the lattice generated 
by the set {a E 9^+ | rria 7^ 0} is a subgroup of A|j. with A|j/A^ finite. We have 
to show that A^ — A^. For this purposc we introduce the foUowing equivalence 
relation on {1, . . . , n}: 

i ^ j e, - ej E a;,. 

Suppose that {1, . . . , 71}/ ~ is not reduced to a point: let Ci and C2 be two distinct 
equivalent classes and let /3 = ...,/?„) be the element of t* defined by: /3^ — 

ii i E Cl, Pi = if i E C2, and = O in the other cases. We see then that 
(/3, a) = O for all a E A*„: it is in contradiction with the fact that A^/A^ is finite. 
We have proved that — e j E for alH, j £ {1, . . . , n}. □ 

Suppose now that A is a positive weight, and let c a connected component of 
regular values of $ : 0\ —> t* . We know that the corresponding periodic polynoniial 
: A* X Z — > Z is supported on the sub-lattice := {(/i, fc) | /i e fcA + A^}. 

Corollary 4.12. The map : Sa > Z is a polynomial of degree — — ^^^^ —dx, 

where d\ is the number of positive roots orthogonal to A. . 

Proof. Takc ^ G c. FoUowing Proposition 13.151 the periodic-polynomial is 
defined by m^(/i, k) = RR{{Ox)^, -C^,^) for aU k) E Ex. Here (Oa)c = $"^0/^ 
is a smooth manifold, and the line bundle ^ = ® C-i^i,)/T is also 

smooth since the center Z„ acts trivially on L^'^'l^-ijj) g) C_^. Now the Atiyah- 
Singer integral formula for the Riemann-Roch number RR{{0\)^, ^) shows that 
ni^ is a polynomial of degree ^ii^i^^k ^ dimO. _ _ ^ (n-i){n-2) _ □ 

Now we rewrite Theorem 14 . 91 for the group SU(n). Let A = (Ai > • • • > A„) be a 
positive weight and let c+ and c_ be two adjacent connected components of regular 
values of ^ : 0\ ^ I* separated by an hyperplane orthogonal to a fundamental 
weight wf. the vector tUj is pointing out of c_. Let g(^) = (tUj,^) — be the 
defining equation of this hyperplane. 

The conditions (e/j ~ e/, crA) > O and (e^ — e/, Wi) > O are respectively equivalent 
to Xa{k) > ^a-{i) and k < i < 1. For SU(n), the number [a\i is equal to 0, 1 or —1 for 
any roots a and any i = 1, • ■ • , n — 1. Hence for every a E -4(c+, c_), the integers 
s~ j, — O defined in Def. H4.8|) are equal to 

(4.107) = rkc(iV+,) ^Uk<i<l such that A,(fe) > A,(,)}, 

(4.108) s-,. = rkc(iV-J = tJ{A: < i < ; such that A„(fe) < A^(,)}, 

and the sum s'^ ^ + ^ is equal to half of the codimcnsion of A'* • crA in _ftr • A, that 
is + s^^ = i{n - i) - dimiK^^/K' n K''^)/2. 
Now we precise the results of jlO) . 

Theorem 4.13. The polynomial m^_ — m^^ ; Sa ^ Z is divible by the linear f actors 

(g - sr + l),{q-s- + 2),...,g,...,ig + s+ ^ 2), {g + s+ - 1), 
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where q is the defining eguation of the hyperplane separating c± and s.^ = 
iiif(Te^(c+.c_) ■^CT i- Moreover the linear factors (q — s^) and {q — s~) do not di- 
vide — m^^ . 

Proof. The first part is the translation of Theorem 14.91 We have just to prove 
that the hnear factors {q — s~) and (g — s~) do not divide m^_ — m^^. This 
point is a direct apphcation of Proposition l3.23l The only fact we use here is that 
rkc(A'^j) = s^j. So the number rkc(Af^j) is constant for all cr G yl(c+,c_) for 
which = sf. □ 

We rewrite now Theorein l4 . 1 3l in the particular case where ^(c+, c_) contains just 
one element: it happens when A is a "generic" positive weight (see Definition l4.4|l . 
or when c+ does not intersect $(0a). Here a positive weight A = (Ai > • • • > A„) 
is "generic" if for every couple of permutations cr, a' and any fc = l,---,n--l, we 
have 

fe k 
i=l i=l 

when (A^(i),--- ,A^(„)) ^ x 6n-k{K'ii), ■ ■ ■ ,K'{n))- 

Corollary 4.14. Let X be a regular weight. Let c+ and c_ be two adjacent connected 
components of regular values of ^ : 0\ — > t* and suppose that ^(c-|-,c_) contains 
just one element a. Then the polynomial — m^^ : 'E.\ ^ 'L is divible by the 
i{n — i) linear factors 

{q - sr + 1), iq-s- + 2),...,q,...,iq + s+ - 2), {q + s+ - 1), 

where s f — s^^ are defined by \4.10T]) and | |/^. J0<$| ). Moreover the linear factors 
{q — s^) and {q — s^) do not divide — m^^ . 

5. Vector partition functions 

Let T be a torus with Lie algebra t and let A* C t* be the weight lattice. Let 
R = {ai, . . . ,ad} be a subset of not necessarily distint elements of A* which he 
enterely in an opcn halfspace of t* . We associate with the coUection R a function 

Nr: A* — > N 

called the vector partition function associated to R. By definition, for a weight /z, 
the value Nn^fi) is the number of solutions of the equation 

d 

(5.109) kjUj = fi, kj e Z^", j = l,...,d. 

Let C{R) c t* be the closed convex cone generated by the elements of R, and 
denote by A|j C A* the sublattice generated by R. Obviously, iVfl(/i) vanishes if /i 
does not belong to C(i?) fl AJj. 

Suppose now that R generates the vector space t*. FoUowing [32], we will call 
a vector singular with respect to R if it is in a cone C (v) generated by a subset 
v € R of cardinality strictly less than dimT. The connected components of t* — 
{singular vector s} are called conic chambers. The periodic polynomial behavior of 
Na on closures of conic chambers of the cone C (R) is proved in jSJ- We have the 
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foUowing refinement due to Szenes and Vergne [22 . Let us introduce the convex 
polytope 

d 

(5.110) □($) = ^[0,l]aj. 

We remark that c — □($) is a neighborhood of c for any conic chamber c of thc cone 
C {R). We have the foUowing qualitative result. 

Theorem 5.1 f|32|l. Let c be a conic chamber of the cone C{R). There exists a 
periodic polynomial on A* such that for each /i S c — we have 

In Seetion 15.41 we will give another proof of Theorem 15.11 Let c± C t* be two 
adjacent conic chambers. The aim of this Seetion is to give a formula for the 
periodic polynomial Pc^ — Pc_ ■ 

Let A C t* be the hyperplane that separates c+ and c_ . Let (3 G the such that 
A = e t* I (^,/3) = 0} and c± C S i* | ± (^,/3) > 0}. Note that the vector 
space A is generated by i? n A. We will now polarize the elements of R that are 
outside A. We define 

(5.111) R' = {e^a^ \ (a^, /?) ^ O and = sign (a^, /3)}, 

(5.112) <5± - Y. ' 

±{a,,P)>0 

and 

(5.113) = I ±(a„/3) >0}. 

We now look at the vector space A equipped with the subset i? n A C A* n A 
which lie enterely in an open halfspace: let Nun a ■ A* n A ^ N be the corresponding 
vector partition function. Let c' be the cone in A which is equal to the relative 
interior of c+ fl cT. It is easy to see that c' is a conic chamber in A with respect to 
i? n A. FoUowing Proposition 15 . II there exists a periodic polynomial P^i on A* n A 
such that for each /i S c' n A* , we have 

NRnAh)=P.'{l)- 

Let Nri : a* ^ n be the vector partition function associated to the polarized 
set of weight R' (see (|5.111ll '). The main result of this Seetion is the foUowing 

Theorem 5.2. The periodic polynomial P^^ — P^ : A* —t 'L satisfies 

(5.114) P^{^^)-P,^{^^)^ ^ D{t, - ^)p,{j), f, e A*, 

7eA*nA 

where D : K* ^ 'E is defined by 

D{^,)^i^^Y'NR,i^l + s-)-{-^Y^NR,i-^l-^+). 

The proof of Theorem 15 . 21 will be given in Seetion l5?5l 
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Corollary 5.3. Pc^{fi) = (/i) /or all the weights /i e A* satisfying the condition 

-(<5+,/3)<(m,/3)<-(<5-,/3). 
The former inegalities are optimal since 

(Pc+-Pc_)M-+7) = (-iri^c'(7) 

and 

(Pc+ - Pc_) M+ + 7) - (-l)'+'^^^^c'(7) 

for all 7 e A* n A. 

Proof. In (|5.114() . the term Z?(/i — 7)-Pc'(7) does not vanish only if /i — 7 G 
-S- + C{R') or -(/z - 7) e 5+ + C{R') for some 7 G C(i? n A). These two 
conditions impose respectively that > —{S~,f3) and (/i, /3} < —((5+,/?). If 

one take fi = -S~ + 7 with 7 e A* n A, (j5.114(l becomes (Pc+ - Pc ){-S^ + 7) = 
Ey 6A*nA ^(-'5" + 7 - 7')^c' (7') with 

D{-S- + 7 - 7') = (-l)""A^fl'(7 - 7') - {-iy*Nn'{S- - 5+ - 7 + 7'). 

Since the cone C{R') intersects A only at {0}, Njf'{'j — 7') = O if 7 7^ 7'. Since 
{S^ — S~^,P) < O we always have Nri{6^ - (5+ - 7 + 7') = 0. We get finaUy 
that {Pc^ — Pc_){—S~ + 7) (—1)'^ -Pc'(7)- O^*^ can show in the same way that 

(Pc+-PcjM++7) = -(-ir>c'(7)- □ 

5.1. Quantization of C^. We consider the complex vector space equipped 
with the canonical symplectic form fl = ^ SiLi dzj A dzj. The Standard complex 
struture J on C* is compatible with fi. Let T be a torus, let aj € i* , j = 1, . . . ,d 
be weights of T, and let T acts on as 

(5.115) t-{zi,...,Zd) = (i-"izi,...,t-"^z<i). 

The action of T preserve the symplectic form 57 and the moment map associated 
with this action is 

1 

(5.116) $(z) = _^|z,fa^-. 

i=l 

The pre-quantization data (L, (, ), V) on the Hamiltonian T-manifold (C*, fl, <i>) 
is a trivial line bundle L with a trivial action of T equipped with the Hermitian 

structure {s,s')z = e 2 ss' and the Hermitian connexion V = d — /3 where /3 = 

The quantization of the Hamiltonian T-manifold (C^, 51), that we denote Q"^(C'*), 
is the Bargman space of entire holomorphic functions on which are integrable 

with respect to the Gaussian measure e 2 {V^, 

We suppose now that the set of weights R = {ai, . . . , ad} is polarized by 77 G t, 
which means that {aj,r]) > O for all j. The T-representation Q'^{C^) is then 
admissible and we have the foUowing equality in R^°°{T): 

(5.117) Q^(C'^)= ^ iV«(/i)C^, 

mga* 

where A'j^ : A* — > N is the vector partition function associated to R. In other 
words, the generalized character of Q'^{C^) coincides with the generalized character 
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of thc symmetric algebra S'{C'^), where C"^ means with the opposite complex 
structure. 

For the remaining part of Section O we assume that the set of weights R = 
{ai, . . . , a^} is polarized, and generate the vector space t*. The first assumption is 
equivalent to thc fact that the moment map $ : e' — > t* is proper, and the second 
assumption is equivalent to thc fact that the generic stabihser of T on is finite. 
Notice that thc vcctors of t* which arc singular with rcspcct to R correspond to 
the singular values of $. 

In thc ncxt section we will show that Q"^(C'*), viewed as an element of R^°°{T), 
can bc rcahzed as the index of transversally elhptic symbols on C^. After we wiU 
apply the techniques dcvelopped in Section |21 The main difference here is that we 
work with a non-compact manifold. 

5.2. Transversally elliptic symbols on C^'. Let p : TC^ be the canonical 

projection. Thc Thom symbol 

Thom(C'') e r (TC'',hom(p*(A^™"TC''),]9*(Ag'*'^TC''))) 

is defined as foUows. At {z, v) E TC^, thc Thom symbol Thom(C'*) is equal to the 
Clifford map 

Cl{v) : A'^y^'C'^ — > A°c'^'^C'^ 

which is defined by Cl{v)w — vAw—c{v)w. Here c{v) : A* ^ A'^^C* denotes the 
contraction map relatively to the Standard Hermitian structure on C*. Obviously 
the symbol Thom(C'') is not elliptic since its characteristic set is equal to the zero 
section in TC' (hcncc is not compact). 

Now we dcform the symbol Thom(C'') in order to obtain transversally elliptic 
symbols. Since can be realized as an open subset of a compact T-manifold we 
have a well defined index map 

IndexJ. : KriTrC^) R-°^\T). 

Definition 5.4. For any rj E t, we define the symbol Thom''(C'') by 

Thom'^{C'^)(z,v) =Thom{C''){z,v~T]c<i{z)), {z, v) e TC^, 

where rj^d is the vector s field on C'^' generated by rj. 

The symbols Thom''(C'') were studied in gHl- It is easy to see that Thom''(C'') 
is tranversally elliptic if and only if the vector subspace (C'')'' is reduced to {0}, 
i. e. if («J, ?/) 7^ O for all j = 1, . . . , d. We prove in Proposition 5.4. of that 

(5.118) IndexJ. (Thom''(C'')) 5*(C^) in R-°°{T), 

when {a j , 77) > O for all j = 1, . . . , d. 

In order to compute the multiplicities Nii{^) of Q'^{C^) we introduce thc foUow- 
ing tranversally elliptic symbols. Take a scalar product b{-, ■) on t*, and denote by 
^ 1-^ , t* ~ t the induced isomorphism. For each £ t*, thc Hamiltonian vcctors 
field of thc function — is the vectors ficld 

z^[mz)-o')jz)- 

that we denote Ti} ~ A.^. 
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Definition 5.5. For any ^ e t*, and any scalar product 6(-, •) on t* , we define the 
symbol Thom^_b(C'*) by 

Thom4,b(C'^)(z,f) = Thom(C'^)(z,w- (H^ -ecd)(;2)), {z, v) e TC''. 

Let Char(Thoin^,b(C'')) C TC* be the characterictic set of Thom^,b(C''). We 
know that Char(Thom^,f,(C'^)) n TtC is equal to the critical set Cr(||$ - ^\\l) of 
the function ||$ — ^H^iC^— >IR (see Section lX^ . A straightforward computation 
gives that z £ Cr(||$ — ^||^) if and only if 

(5.119) b{<^{z)-^,aj)zj^O for all j^l,...,d. 

The former relations imphes in particular that 6((f>(z) — ^, ^(z)) = ^ J2j b{^{z) — 
^,aj) \zj\'^ = 0. Hence ||$(2:)||b = H^{z),^) which imphes 

(5.120) \\mh<mw 

Take now 77 e t such that {aj, rj) > O for aU j, and let r/b G t* such that (ryt)'' = rj. 
We have then 

(5.121) Cr,\\zf < mz),ri) = 6($(z),?;fc) < mz)Miib\\b 

where = ^ inf ^ (a^- , 77) , and z 1-^ H^jp is the usual hermitian form on C*. With 
(|5.119|l and (|5.121() we get the foUowing 

Lemma 5.6. The critical set Cr(||$ — ^||^) C is contained in the ball of radius 

C)) 

where rj £ i is such that C,, = ^ mij{aj, 77) > 0. 

We have then proved that the symbols Thomj.b(C'') are transversaUy eUiptic. 

Proposition 5.7. The class of the transversaUy elliptic symbol Thom^,f,(C'^) in 
Kt(TtC'') does not depend of the data £_,b, and is equal to the class defined by 
Thoni''(C'') where 77 £ t is choosen so that (aj, 77) > O for all j . 

Proof. After Lemma |5.6I we know that for any scalar product ■) on t*, the 
characteristic set of Thomo,f,(C'^) intersects T^C'' at {0}. If bo and 61 are two 
scalar products on t* we consider the family bt = tbi + (1 — t)bo, O < t < 1, 
of scalar products on t*. Hence Thomo,6j (C*), t G [0,1], defines an homotopy of 
transversaUy elliptic symbols. We have proved that Thomo^bp (C^) = Thomo^bj (C*) 
in Kt(TtC'') for any C e t*. 

Fix now the scalar product b and an element ^ G t*. For any t G [0,1] the 
characteristic set of Thomtj_b(C'') intersects TtC'^ in the ball of radius 

Hence Thomt^,b(C'^), t G [0, 1], defines an homotopy of transversaUy elliptic sym- 
bols: Thomj^b^C'') = Thomo,b(C'*) in KtITtC). We have proved that the class 
of the transversaUy elliptic symbol Thomj^f,(C'^) in Kt(TtC'') does not depend of 
the data ^, b. 

Since the weights a j lie enterely in an open halfspace of t*, there exists a scalar 
product 6+(-, •) on t* for which we have 

b+{ai, aj) > O 
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for all i, j — 1,. ..,d. Let 7^''+ be the Hamiltonian vectors field of thc function 
$11^^, and let rj^d be the vectors field on C* generated by G t such that 
{aj, 77) > O for all j. A straightforward computation gives that 

(5.122) (W''+(z),7yc.(2)) >0 

for all non zero z £ C^. Consider now the foUowing familly of symbols on 

(7t{z,v) = Thoin{&){z,v - (tn''+ + (1 -<)ryc<i)(z)), {z, v) G 

so that (To = Thom''(C'^) and cri = Thomo,b+ (G'*). The inequality H5.122|l shows 
that Char(crt) n TtC = {0} for aU t G [0, 1]. Hence at, t G [0, 1], defines an homo- 
topy of transversally elhptic symbols: Thom''(C'^) = Thomo.b+ (C^) in KriTrC). 
□ 

For the remaining part of this paper we fix a scalar product on t* , and we consider 
the family of transversally elliptic symbols Thom5(C'*), ^ G t* (to simplify, we do 
not mention the scalar product in the notation). Proposition 15 . 71 and H5.118|) imply 
the foUowing 

Proposition 5.8. For every ^ G t*, Q"'"(C'*) is equal to the generalized character 
IndexJ, (Thom^(C'')). 

Now we apply the techniques developped in Section O in order to compute the 
multiplicities of Index^d (Thomj(C'*)) . 

5.3. Localization in a non-compact setting. Like in Section IT^ we start with 
the 

Definition 5.9. For any ^ G t* and any T -invariant relatively compact open subset 
U (Z we define the symbol Thom^(Z//) by the relation 

T\YonY^{U){z,v) ■.= T\iom{€.'^){z,v-{H-S,c-i){z)) {z, v) e TU. 

The symbol Thom^(Z//) is transversally elliptic when Cr(|| $ — ^ |p) fl dU = 
(the couple {U, £,) is called good) and we denote by 

RRliC) G i?-°°(T) 

its index. Proposition 13.91 is still valid here. In particular, for a good couple 
{K,£,), we have RR-l/ (C) = i?i?^(C'^) if is close enough to ^. Consider now the 
decomposition 

Cr(||<i>-e|p)= U (C^)^ n $-1(7 + e). 

Here C t* is finite set since has a finite number of stabilizer. Since O G (C'^)'*' 
and z i— !■ ($(2), 7) is constant on (C'^)''', we have 

(5.123) (7 + e, 7) = O 
for all -f £ B^. 

Definition 5.10. For any ^ G t* and 7 G S^, we denote simply by 

i?i?«(C'^) G R-°°{T) 

the generalized character i?i?^(C''), where U is a T -invariant relatively compact 
open neighborhood of {C^)^ n $-1(7 + C) such that Cr(|| $ - ^ f) n Z7 = (C'')'' n 
$-1(7 + 0. 
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Since RR^a{C'^) is equal to Q-^(C'*) (see ProDOsitioii l5.8|l . part a) of Proposition 
13.91 insures that we have the decomposition 

Let c C t* be a conic chamber of the cone C (R), and take ^ in c. Then ^ is a 
regular value of the moment map $ : — » t* defined in H5.116|l . Let fl^ be the 
symplectic structure on the orbifold (C'^)j — <f>^^(^)/T that is induced from fi. The 
orbifold (C'')^ is also equipped with a complex structure that is induced from the 
Standard complex structure on C^, in such a way that the orbifold ((C'')^, fi^, J^)) 
is a Kahler orbifold. If ^ belongs to the lattice A*, the reduced space (C*)^ is the 
Kahler toric variety corresponding to the polytope {s € {M.-'^)'^ \ J^^j'^j = O 
M'*. For every /z G A we consider the holomorphic orbifold line bundle 

on (C'')^. 

Definition 5.11. The periodic polynomial : A* ^ Z associated to the conic 
chamber c is given by 

(5.124) P,(Ai) = i?i?((C'^)5,/:^^^), 

where the right hand side is the Riemann-Roch number associated to the holomor- 
phic orbifold line bundle -C^,^. 

Another way to define the periodic polynomial is to consider the generalized 
character RR^{C^) for ^ S c: here 7 = parametrizes the component $^^(0 of 
Cr(|| $ - ^ FoUowing IpH!^ we have 

(5.125) i?P§(C'^) = ^ Pc(m)C^ in R-°°{T). 

After LemmaEH we know that PP§'(C'*) = PPg(C'^) whcn ^, ^' are two elements 
of c: hcncc thc polynomial Pc does not depend of thc choicc of ^ in c. 

5.4. Proof of Theorem 15. IL Consider a weight /i G (c — n(*i>)) H A* of thc form 
fj. — — J2j ^j^j with ^' G c and t j G [0, 1]. We start with the decomposition 

Since Nii{ii) and Pc(/z) are respectively the multiplicity of in Q"^(C'^) and in 
RRq (e'*), thc proof will bc complcte if wc show that the multiplicity of in 
{C^) is equal to zero when 7 7^ 0. 
Consider a non-zero element 7 in B^' . For thc character RR^ (C*) the localiza- 
tion (|3.41(l gives 

(5.126) RR^^iC") - PP«'+^((C'*)^) ® [^'cN\~' , 

where N — 7)5^0 '^^"3 corresponds to thc normal bundlc of (C^)'' in C^. The 
inverse [a*]V]~^ is equal to (-1)'C5(^) ® S'{N^-''^) where 

(aj,7)<0 
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Since 7 acts trivially on (C'*)'^ all the weights ^' G A* that appear in i?i?§'+''((C'*)'>') 
satisfy (/^', 7) = 0. Since the weights of N^''^ are polarized by 7, we see from (|5.126f) 
that aU the weights ^' G A* that appear in RR^ (e') must satisfy 

(5.127) (m', 7) > (-5(7), 7)- 

Consider now the weight ^ ~ C ^j'^j- Since ^' G c, the equaHty (|5. 123(1 imphes 
(^',7) < O and then 

(/^,7) = (^',7)+ Y1 *jK''7)<- Y1 K'^)- 

("j.7)>0 (aj,7)<0 ("j,7)<0 

So we have proved that (/Lt, 7) < ((5(7), 7), hence the multiphcity of in RR^ (C*) 
is equal to zero. □ 

5.5. Proof of Theorem 15.21 Let c± be two adjacent conic chambers and let 
A C t* be the hyperplane that separates c+ and c_. Let /3 G t be such that 
A = {e G r I = 0} and c± C U G t* | ± (^,/3) > 0}. 

We consider two points ^± G c± such that ^ — |(C^ + C ) G A belongs to the 
relative interior c' of c+ flcZ. We suppose also that the orthogonal projection of ^± 
on A are equal to ^. We know that P^^ (fi) — Pc_ {fi) is equal to the /Lt-mutiphcity 
of RrI+ (e') - RR^- (e'). PropositionEniteUs us that 

RRl+i&) - RR^- i&) = - RRi\{&), 

where 7 G M^"/3 is such that + -f — ^+ — j — The locahzation H3.41|l gives 
then 

(5.128) i?i?«-(C') - RR^iC'') = RR^o(.(.<CY) ® {KWp' ~ KW-l) ■ 

The element ^ belongs to the relative interior c' of c+n~ which is a conic chamber 
c' in A with respect to i? n A. Let Pc' : A* n A ^ Z be the periodic polynomial 
map which coincides with the vector partition function NjinA on c' D A*. If we 
work with the vector space (C'')'' equipped with the hamiltonian action of T/Ta, 
gives the foUowing equality in R'°^{T/Ta) 

(5.129) RRl{{C^f)= Y. 

7eA*nA 

A straightforward computation gives 

(5.130) KW/ = E NR,{f, + 6-)C, 
and 

(5.131) = i-^y^ E N^B'{^^ + S+)C^, 

/jGA* 

where r±,(5=^,i?' are defined in H5.111|) . H5.112|) and (|5.113|) . Since N^R'{fi) = 
Nr,{-^i), the equations IjS. 129(1 . ((5.130(1 and ((5.131(1 show that the RHS of 1(5.128(1 

is equal to 

A16A* 7eA*nA 
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with D(ii) = (-!)'■ Nwin + S-) - (-1)'' Nr,(~ii - S+). Finally we have proved 
that Pc+ (m) - Pc. (m) = E-yeA-nA ^(m - 7)^c'(7)- □ 
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